ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 



BAPTISTE MORIN 



Abstract. We give a direct description of the category of sheaves on Lichtenbaum's Weil- 
etale site of a number ring. Then we apply this result to define a spectral sequence relating 
Weil-etale cohomology to Artin-Verdier etale cohomology. Finally we construct complexes 
of etale sheaves computing the expected Weil-etale cohomology. 



1. Introduction 

Stephen Lichtenbaum has conjectured in [6] the existence of a Weil-etale topology for arith- 
metic schemes. The associated cohomology groups with coefficients in motivic complexes of 
sheaves should be finitely generated and closely related to special values of zeta-functions. For 
example, Lichtenbaum predicts that the Weil-etale cohomology groups with compact support 
H^^^{Y;7j) exist, are finitely generated and vanish for i large, where y is a scheme of finite 
type over SpecZ. The order of annulation and the special value of the zeta function CyIs) at 
s = should be given by 

ord,=oCy(s) = x'ciY,^) and Cy(0) = ±XciY,Z), 

where XciY,'^) and x'cO^i'^) are the Euler characteristics defined in [6]. Lichtenbaum has 
also defined a candidate for the Weil-etale cohomology when Y = SpecOx, the spectrum 
of a number ring. Assuming that the groups Hy^{Y;'L) vanish for i > 4, he has proven his 
conjecture in this case. However, Matthias Flach has shown in ^ that the groups H^{Y;7j) 
defined in [6] are in fact infinitely generated for any even integer i > 4. The aim of the present 
work is to study in more details Lichtenbaum's definition and its relation to Artin-Verdier 
etale cohomology. 

Let K he a, number field and let Y be the Arakelov compactification of SpecOx- In 
the second section we define a topos S^^^j^ g, said to be fiask, using the Weil group W];^/x,s 
associated to a finite Galois extension L/K and a finite set S of places of K containing the 
archimedean ones and the places which ramify in L. We also define a topos dy^y using the full 
Weil-group Wk- The first main result of this paper shows that the topos 5^^^^, g is canonically 
equivalent to the category of sheaves on the Lichtenbaum Weil-etale site Tj^/k,s- This gives a 
simple description of the categories of sheaves on those Weil-etale sites. In the spirit of [5], it 
is sometimes easier to work directly with these fiask topoi rather than with their generating 
sites Ti^jp^ g. Finally, this exhibits the somewhat unexpected behavior of these categories of 
sheaves. 



^ 2000 Mathematics subject classification : 14F20 (primary) 14G10 (secondary). Keywords : etale cohomology, 
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In the third section we compute the groups Hyy{Y; Z) := liuj Z) and 7L\ 

Then we observe that the canonical map lirrj j. , ^ gi^) ~^ ^'^{'^wy^'^^ "^^^ isomor- 
phism for i = 2,3. This points out that the current Weil-etale cohomology is not defined as 
the cohomology of a site (i.e. of a topos). 

In the seventh section we study the relation between the flask topoi and the Artin-Verdier 
etale topos. This is then applied to define a spectral sequence relating Weil-etale cohomology to 
etale cohomology. The last section is devoted to the construction of complexes of etale sheaves 
on y = Spec Ok, where i^T is a totally imaginary number field. The etale hypercohomology 
of these complexes yields the expected Weil-etale cohomology with and without compact 
support. This last result was suggested by a question of Matthias Flach. The existence 
of these complexes is a necessary condition for the existence of a Weil-etale topos (i.e. a 
topos whose cohomology is the conjectural Weil-etale cohomology) over the Artin-Verdier 
etale topos. 

2. Notation 

Let K he a, number field and let K/K be an algebraic closure of K. We denote by Y 
the spectrum of the ring of integers Ok of K. Following Lichtenbaum's terminology, we call 
Y = {Y; Yoo) the set of all valuations of K, where Y^o is the set of archimedean valuations of K. 
This set Y is endowed with the Zariski topology. The trivial valuation vq of K corresponds 
to the generic point of Y. We denote by Y^ the set of closed points of Y (i.e. the set of 
non-trivial valuations of K). 

2.1. The global Weil group. Let K/L/K be a finite Galois extension of the number field 
K. Let be a finite set of places of K containing the archimedean ones and the places which 
ramify in L. We denote by II and Cl the idele group and the idele class group of L respectively. 
Let Ul^s be the subgroup of consisting of those ideles which are 1 at valuations lying over 
S, and units at valuations not lying over S. It is well known that Ul,s is a cohomologically 
trivial G(L/i^)-module. The natural map Ul,s ^ is injective and the S'-idele class group 
Cl,s is defined by Cl,s = Cl/Ul,S} a-s a topological group. For any i G Z, the map 

H\G{L/K),Cl) H'{G{L/K),Cl,s) 

is an isomorphism since Ul,s is cohomologically trivial. By class field theory, there exists a 
canonical class in H'^{G{L/ K),Cl,s) which yields a group extension 

^ Cl,s ^ Wl,k,s ^ G{L/K) ^ 0. 

If we assume that S is the set of all non-trivial valuations of then Wi^jk^s is the relative 
Weil group Wi^jk- By [6] Lemma 3.1, the global Weil group is the projective limit 

Wk = Wl/k,s, 
over finite Galois K/L/K and finite S as above. 

2.2. Galois groups and Weil groups. 
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2.2.1. For any valuation v of K, we choose a valuation v oi K lying over v and we denote by 
Dy the associated decomposition group and by the inertia group. We set 

k!^ := := K^- and G^i^) := Gal{Kf/K!i) = D^/I^. 

If ?; G y, then k[v) is the residue field of the scheme Y at v. For any archimedean valuation 
V, the Galois group Gki^^-^ = {1} is trivial since = I^. Note that for the trivial valuation 
V = vq, one has Dy^^ = Gk and = {!}, hence Gfc(„(,) = Gk- 

Let Ky be the completion of K with respect to the valuation v. Thus for v = vq the trivial 
valuation, K^^ is just K. The choice of the valuation v oi K lying over v induces an embedding 

Ov : Dy = Gxy — > Gk- 

We choose a global Weil group a^,,^ : Wk — > Gk- For any non-trivial valuation v, we choose a 
local Weil group uk^ '- Wk^ — > Gk^ and a Weil map 9^ : Wk^ Wk so that the diagram 

Wk^^Wk 



Gkv ^ Gk 

is commutative. For any valuation v, let W^^-^ := Wk^/Iv be the Weil group of the residue 
field at v. Note that W^^-^ is isomorphic to Z (respectively M) as a topological group whenever 
V is ultrametric (respectively archimedean). We denote by 

Qv ■- Wk^ — > Wk(v) and : Gk, — > Gk{v) 

the canonical continuous projections. One has K^^ = K, D^^ = Gk, Ivo — {!}) and VFjk(i;o) = 
Wk^JIvo = Wk- We set 9^^ = = Idwjf and = q^^ = Idcj^- 

2.2.2. Let f be a non-trivial valuation of K and let Wk, — > Wk be a Weil map. Consider 
the morphism 

Wk, -^Wk^ Wl/k = Wk/WI, 
where L/K is a finite Galois extension. Here W^^ is the closure of the commutator subgroup of 
Wl- The valuation v lying over v defines a valuation u; of L and the morphism Wk, Wj^/k 
factors through Wk,/WI^ = Wl^jk,- We get the following commutative diagram 

LI Wl,,/k, G{L^/Ky) 



> Cl > Wl/k ^ G{L/K) ^ 

where the rows are both exact. The map W^^/k, ~^ W^/k is injective and the image of 
Wk, in W^/k is isomorphic to W^^/k,- Let S* be a finite set of places of K containing the 
archimedean ones and the places which ramify in L. The group Ul,s injects in W^/k and there 
is an isomorphism Wl/k,s — Wl/k/Ul,s- Hence the image of Wk, in Wl/k,s is isomorphic to 
Wl,,/k, for V € S. For v not in S, the image of Wk, in Wl/k,s is isomorphic to the quotient 
of Wl^/k, by O^^. The canonical map Wk, — > Wk{v) factors through Wl^/k, hence through 

Wl^/k,/C>l ■ denote by Wk, the image of Wk, in Wi/k.s- Foi" any trivial valuation 
V of K, the Weil map Wk, Wk and the quotient map Wk, — > Wk{y) induce morphisms 

6v ■■ Wk, -)■ Wl/k,s and : Wk, W"fe(^) respectively. 
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2.3. Left exact sites. Let C be a category and let J he a Grothendieck topology on C. 
Recall that a category C has finite projective limits if and only if C has a final object and fiber 
products. 

Definition 2.1. The site (C; J') is said to be left exact whenever C has finite projective limits 
and J is subcanonical. 

Note that any Grothendieck topos is equivalent the category of sheaves of sets on a left 
exact site (see [5j IV Theoreme 1.2). 

Definition 2.2. A family of morphisms {Xi — > X; i S /} of the category C is said to be a 
covering family of X if the sieve of X generated by this family lies in J'{X). 

The covering families define a pretopology on C which generates the topology J, since C is 
left exact. A morphism of left exact sites is a functor a : C ^ C preserving finite projective 
limits (i.e. a is left exact), which is continuous. This means that the functor 

C' ^ C 
V ^ Voa ' 

sends sheaves to sheaves, where C is the category of presheaves on C (contravariant functors 

from C to the category of sets). We denote by (C, J') the topos of sheaves of sets on the site 
{C'jJ'). A morphism of left exact sites a : (C,^) — > {C',J') induces a morphism of topoi 
a = {a* ,a^) such that the square 

(c^) — (c^^) 



is commutative, where the vertical arrows are given by Yoneda embeddings (which are fully 
faithful since the topologies are sub-canonical) and a* is the inverse image of a. We denote by 
Etx the small etale site of a scheme X. The etale topos of X (i.e. the category of sheaves of 
sets on Etx ) is denoted by X^t ■ A morphism of schemes u : X ^ Y gives rise to a morphism 
of left exact sites 

u* : Ety — > Etx 

(U ^Y) ^ (C/XyX^X) ' 

hence to a morphism of topoi {u*;Uir.) : X^t — Yet- A diagram of topoi 

b d 
S3 — ^ 54 

is said to be commutative if there is a canonical isomorphism of morphisms of topoi co& ~ doa, 
or in other words, an isomorphism in the category Homtop (5i; ^4) between the objects cob 
and doa. Strictly speaking, such a diagram is only pseudo-commutative. Li what follows, a 
topos is always a Grothendiek topos and a morphism is a geometric morphism. 



ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 



5 



2.4. The classifying topos of a topological group. Let G be a topological group. The 
small classifying topos Bq^ is the category of sets on which G acts continuously. If G is discrete 
or profinite (or more generally totally disconnected) then the cohomology of the topos Bq^ is 
precisely the cohomology of the group G. 

For G any topological group, we denote by B^opG the category of G-topological spaces 
(which are elements of a given universe) endowed with the local-section topology Jig (see [6j 
section 1), and Bq is the topos of sheaves of sets on this site. 

Alternatively, let Top be the category of topological spaces (which are elements of a given 
universe) endowed with the open cover topology Jopen- Recall that the open cover topology 
is generated by the pre-topology for which a family of continuous maps {Ui U} is a cover 
when it is an open cover in the usual sense. By ([4J Lemma 1), one has Jg — Jopen on 
the category Top. We denote by T the topos of sheaves of sets on the site [Top, Jopen)- 
Since the Yoneda embedding commutes with projective limits, a topological group G defines 
a group-object y{G) of T. The classifying topos Bq of the topological group G is the topos of 
?/(G)-objects of T. Recall that the data of an object of T is equivalent to the following. For 
any topological space X, a sheaf Fx on X (i.e. an etale space over X), and for any continuous 
map u : X' ^ X a, morphism ipu ■ u*Fx satisfying the natural transitivity condition 

for a composition v o u : X" X' ^ X. Moreover, ipu is an isomorphism whenever u is an 
open immersion or more generally an etalement. This gives a description of the topoi T and 
Bg- By [1] Corollary 2, the two preceding definitions of Bq are equivalent. In other words, 
{BTopG; Jis) is a site for the classifying topos Bq- 

2.5. Cohomology of the Weil group. Let £" be a topos. There is a unique morphism 
u : £ Set . The left exact functor F^: := n* = Hom^^es, —) is called the global sections 
functor. Here e£ denotes the final object of £. For any abelian object A of £, one has 

For any topological group G and any abelian object of Bq (in particular a topological G- 
module), the cohomology of G is defined by (see |4j) 

H\G,A) ■.= H\Bg,A). 

The following result is due to Stephen Liclitenbaum for i < 3 and to Matthias Flach for i > 3. 
Denote by := Homcant{A,M./'L) the Pontryagin dual of a locally compact abelian group 
A. The kernel of the absolute value map Gk — > is denoted by C]^. 

Theorem 2.3. Let K he a totally imaginary number field and let 7L be the discrete Wx-'module 
with trivial action. Then 

H'{Wk;I^) = Zfori = 0, 

= iG},ffori = 2, 
= for i odd, 

and H'''{Wk','^) is an abelian group of infinite rank, in particular nonzero, for even i>A. 

3. The flask topoi associated to a number field 

3.1. Definition of the flask topoi. Let L/K be an algebraic extension and let 5 be a set of 
non-trivial valuations of the number field K containing all the valuations of F which ramify 
in K and the archimedean ones. In what follows, either L/K is a finite Galois extension and 
is a finite set, ox L = K / K is asii algebraic closure of K and S is the set of all non-trivial 
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valuations of K. Recall that Wk^ denotes the image of Wk^ in Wlik,s- The chosen Weil 
map and the quotient map induce continuous morphisms 

Ov ■■ Wk, Wl/k,s and : Wk, T^fe(^), 
for any valuation v of K. For the trivial valuation vq, the maps 9^^ and q^^ are just Idw^^/j^ g- 

Definition 3.1. We define a category dj^/j^ s follows. The objects of this category are of 
the form T = fv)veY> where F„ is an object of Bw^^^y for v ^ vq (respectively of Bwi^/^ s 
for V = Vq) and 

fv ■ q*v{Fv) > Ki^vo) 

is a morphism of so that f^^ = Idp^^^. A morphism (p from T = (F^; fy)^^Y T' = 

{K'J'v)v&' ^5 family of morphisms (py : Fy ^ £ Fl{Bwk(^^)) (and (py^ G Fl{Bwi^^ii^s)) 
that 

q:{f.) ^ q*y{n) 



fv 



f 



is a commutative diagram of B^^ . In what follows, Fy (respectively (py) is called the v- 
component of the object F (respectively of the morphism (p). 

For L = K and S the set of all non-trivial valuations of K, one has Wi/k,s = Wk, 
= we set 

The aim of this section is to prove that the category d^/i^ ^ is a Grothendieck topos. 

Proposition 3.2. Arbitrary inductive and finite projective limits exist in S^/^g; and are 
calculated componentwise. 

Proof. In order to simplify the notations we assume here that di^/Ks ~ ^wv -f be a 
small category and let G : / — > i?^.^ be an arbitrary functor. For any valuation v of K, one 
has a canonical functor 



For any valuation v, we set 
The inductive limit 



T ^ Fy 



Gy := il o G : I ^ Bw^^^^ ■ 



Ly := lim G„ 
— >i 



exists in the topos Bw^^^y A map i — >■ j of the category / induces a map G{i) — ?> G{j) of the 
category Hence for any valuation v, one has a commutative diagram of Bwk^'- 

q*yOG^{i) ^qyoGy{j) 

" " 

e*oGy,{{) — ^e*oGy,{j) 
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By the universal property of inductive limits, one has an induced morphism 

lim^ g* o — > lim^ 6** o G^^ , 

where the limits are calculated in the topos Bwk^ ■ We get a map 

Iv ■ q*v{Lv) = g;^(lim^ G„) = lim^ qloG^ — > lim^ 61 o G^,, = 6'*(hni^ G^J = 6'*(L^o), 
since q* and 9* commute with arbitrary inductive limits. This yields an object 

lim^ G = C:= (L^; lv)v& 

of '^yt^.y- Now, one has to check that C is the inductive limit of the functor G. For any object 
X of T?^.y) denote hy kx : I ^ ^w y constant functor associated to X. By construction, 
there is a natural transformation 

a : G — > kc 
such that any other natural transformation 

b:G^kx 

factors through a. Indeed, the u-component of C is defined as the inductive limit of G^ in 
-^l^fc(u) ^^'^ morphism 1^ is defined as the limit of the corresponding system of compatible 
maps of B\Yi^^ ■ The proof for finite projective limits is identical. □ 

Proposition 3.3. The category dj^^j^ s ^ topos. 

Proof. Again, we assume that d^/^ 5 = 'S^^.y (i-^- ^ algebraic closure of K and S is 

the set of non-trivial valuations of K). To see that it is a topos, we use Giraud's criterion (see 
[5] IV Theoreme 1.2). Axioms (Gl), (G2) and (G3) follow from proposition 13.21 and the fact 
that q* and 6* commute with finite projective limits and arbitrary inductive limits. 

(Gl) The category iJ^.y has finite projective limits. 

More explicitly, 5,^.^ has a final object {ew,,(^^y fv)v£Y- Here evKj.(„) is the final object of 
i?VKfe(j,) a-iid fy is the unique map from the final object of -Bwk„ to itself. Let (j) : J- ^ X and 
(p' : J^' ^ X he two maps of d^^.y with the same target X = (X^;^^,). The fiber product 
J- Xx J'' is defined as the object [F^ Xx„ i^^; fv fv)vGY' where the fiber products are 
calculated in the categories i?vFfe(„) a-i^d Byy^^ respectively. 

(G2) All (set-indexed) sums exist in d^.y^ ^^'^ disjoint and stable. 

The initial object of 5"^,^ is {^Wk^^)] f^)veY^ where 0VKfe(„) is the initial object of -Bvi/fe(„) and 
fv '■ ^Wk ~^ ^Wk i^ the trivial map. Moreover, fiber products are computed componentwise 
in ™^ isomorphism (j) from T = {F^; fy)^^Y to J-"' = {F^; fy)^^Y is a family of 

compatible isomorphisms (f)^ : F^ F^ Fl{Bw,,f^^^). Then one easily sees that (G2) is 
satisfied by ^y^r■Y since it is satisfied by for any valuation v. 

(G3) The equivalence relations are effective and universal. 

Again this follows from the fact that arbitrary inductive limits exist and are computed com- 
ponentwise in d^.y- 

(G4) The category d^^.y has a small set of generators. 

This axiom, however, requires some argument. Choose a small set {X^-i] i € Iv} of generators 
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of By/^^^^ , for any valuation v. Recall that the morphism of topological groups 9^ : Wk^ Wk 
induces the sequence of three adjoint functors 



between B^^^^ and B^^^, since 9* commutes with arbitrary projective and inductive limits 
(see [5] IV.4.5.1). The functors 9* and 9^^, are respectively the inverse image and the direct 
image of the (essential) morphism Bg^ : -BvFk ~^ ^Wk ■ Denote by y : Top T the Yoneda 
embedding. The functor 9v\ is defined by 

9v\ : Bwk^ — > Bwji 

F ^ y{WK) xvi^K^) F := {y{WK) x F)/y(WKj ' 

where y{WK^) acts on the left on F and by right-translations on yiWx)- 

Let V ^ vq he a non-trivial valuation and let i £ I^. We define an object X^-i of dy^.y ^ 
follows : 

Here the map 

Cv:q:{X,.,i)^9:o9,,Xq:{Xv;i)) 

is given by adjunction, and is the trivial map for any w ^ v,Vo. For the trivial valuation 
vq and for any i € 1^^, we set 

The family {Xy-i; v € Y; i G 1^,} is set indexed. We claim that it is a generating family of 
dyy.Y- Let T = {Fy] fy)y ke 3,11 ob j ect of ^^.y, let u be a valuation of K and let ty : Xy-i Fy 
be a morphism in Byy^^^^ . One needs to show that there exists a canonical morphism 

t : Xy^i — > T 

so that the w-component of t is It is obvious for the trivial valuation v = vq. Let v ^ vq 
be a non-trivial valuation. Consider the morphism 

fv o qlity) : qliXy.i) q*y{Fy) 9*y{Fy,). 

By adjunction, there is an identification 

(1) HomB,^.{9y\{q*y{Xy.i));Fy^)=HomB^- {q*y{Xy..i);9*y{Fy^)). 

Hence there exists a unique morphism 

*o : ^v\{ql{Xy^i)) — > Fyg 
of Bw^ corresponding to fy o qy{ty) via ([T]) so that the diagram 

q*(Xy,)J^q:(Fy) 

fv 

9y9y\ 

;t)) ^ ^vFvQ 

is commutative. We get a morphism t : Xyi — t- of the category 
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Now, consider two parallel arrows cp, ip : £ so that, for any arrow t : X^-i — t- J^, one has 
(pot = ifot. The family {X^-i; i € I^} is a family of generators of B]^^^^^ and each morphism 
: Xy-i — )• induces a morphism t : X^-i — )• T. It follows that 

for any v . By definition of the morphisms in the category iJ^^.y, the functor 

is faithful. It follows that (p = (p. This shows that the family {Xy-i; v (zY; i G is a small 
collection of generators of S^.y- Therefore the category dy^^.y ^ topos. □ 
A topos is said to be compact if any cover of the final object by sub-objects has a finite 
sub-cover. A first consequence of this artificial construction is the fact that this property is 
not satisfied by these flask topoi, as it is shown below. As a consequence, the global sections 
functor (and a fortiori cohomology) does not commute with filtered inductive limits (not even 
with direct sums). 

Proposition 3.4. The topos d^/j^ g is not compact. 

Proof. For any non-trivial valuation v of K, let be the object of 5^^^^ g defined as follows. 
The u)-component of is the initial object of -Biy^.^^) for w ^ v,vq, and the final object for 
w = v,vq (i.e. the sheaf represented by the one point space with trivial action). Let e be the 
final object of d^/jf g- The unique map E^ e is mono hence Ey is a sub-object of the final 
object of The family e, v ^ vq} is epimorphic. It is therefore a covering family 

of e by sub-objects. However, any finite sub-family is not a covering family. □ 

3.2. The morphisms associated to the valuations. A valuation v of the number field K 
can be seen as a morphism v ^ Y inducing in turn a morphism of topoi. 

Proposition 3.5. For any non-trivial valuation v, there is a closed embedding : 

Proof. For any valuation v ^ vq, the functor 

F ^ Fy ■ 

commutes with arbitrary inductive limits and finite projective limits, since these limits are 
computed componentwise in the topos 5^/^^ Hence i* is the pull-back of a morphism of topoi 
iv : Bwk^^) ^L/K s- same argument shows that there is a morphism j'^/^g : i^vK^/^s ~^ 
d^/jf g- Moreover, one easily sees that the functor 

is right adjoint to i*, where eWf,^^) is the final object of Bw^^^y Since the adjunction transfor- 
mation Id ^ i* o iy^ is obviously an isomorphism, the morphism iy is an embedding (see [5j 
IV. Definition 9.1.1). Consider the sub-terminal object U := {ieWk^n,))wj^v', 0VKfc(„)) of S^^/^g. 
It defines an open sub-topos 
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The image of i^^ is exactly the strictly full sub-category of dj^^j^ g defined by the objects X 
such that j^{X) is the final object of U. Hence the image of is the closed complement of 
the open sub-topos U (see [5] IV Proposition 9.3.4). □ 
The following corollary follows from the fact that i^,* is a closed embedding (see [5j IV. 14). 

Corollary 3.6. The functor induced by i^^, between the categories of abelian sheaves is exact. 

More precisely, the functor i^j^, (between abelian categories) has a left adjoint i* and a right 
adjoint (in fact one has six adjoint functors). This last functor is defined as follows : 

Abi^^^^J Ab{Bw,^,^) 

{Pwi fw)w£Y ' ^ 

A morphism of topos j = is said to be essential if the inverse image j* has a left 

adjoint j\. 

Proposition 3.7. There is an essential morphism j := J^y^g : ^Wl/k s — ^ '^l/k $■ 
Proof. The functor 

3* ■ ^L/K,S ^ ^Wl/k,S 

commutes with arbitrary inductive limits and finite projective limits. Therefore j* has a right 
adjoint and thus is the pull-back of a morphism of topoi. We define 

J! : BWl/k,s ^ 'Sl/k,s 

^ ' ^ {Fv,fv)v&Y 

where F^^ = C and F„ = is the initial object of Bw^^^^■^ for any v ^ vq. The map f^ is the 
unique map from the initial object of to 9yC. Clearly, j\ is left adjoint to j* . □ 

Proposition 3.8. The direct image functor is given by 

j* ■ Bwl/k,S ^ '^L/K,S 

C I y {qv^9*C,lv)y^Y 

where the map 

Iv • Q.v^v*9yC y O^qiiQ^Oy^/l — 
is induced by the natural transformation q*qm Id, for any valuation v. 

Proof. One has to show that is right adjoint to j* . Let C be an object of SvF^/if s c'-nd 
let T = (F„; fv).u^Y '^^ object of 5'^/^, For any map 4>q : Fq ^ C oi B\y^^^ ^ and any 
non-trivial valuation v, consider the map 

e:{(t)o) o f, : qlF, ^ eiFo ^ e:c. 

Since q* is left adjoint to g^,*, there exists a unique map : Fy ^ qy^,9*C such that the 
diagram 

qlFy ''"t qlq^^OlC 



fv 



is commutative. We obtain a functorial isomorphism 
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□ 

Corollary 3.9. The morphism j : Bw^^^ ^ ^l/k s embedding. 

Proof. Indeed for any object C of By/^^j^ the natural map j*j*C ^ £ is just the identity 
of £. ' □ 

If there is no risk of ambiguity, we denote VFfc(^) = Wfe(^) for v ^ vq, W^^^^ = Wl/k,s a-^id 

Proposition 3.10. The family of functors 
is conservative. 

Proof. This follows immediately from the definitions. □ 
Proposition 3.11. The family of functors 

is not conservative. 

Proof. In order to simplify the notations, we assume here that 5^^^^ g = -S^y.y Let be the 
initial object of 5^^.^ and let Q be the object whose UQ-component is the final object of -Biy^ 
while its T;-component is the initial object of By/^^^ for any v vq. Consider the morphism 
(f> : ^ ^ 0. Then (p is not an isomorphism while il{(f)) ■ ^Wk(y) ^ ^w^iv) '^^ isomorphism for 
any closed point v. □ 

3.3. The transition maps. Let {L/K,S) and {L'/K,S') be as above. If L C L' in ^ and 
S C S', then there is a canonical morphism 

P ■ Wl'/k,S' — > Wl/k,s- 
Proposition 3.12. There is an induced morphism of topoi 

For L"/L'/L and S C S' C S" , the diagram 



is commutative. 

In the following proof, for any non-trivial valuation v we denote by WKy,L,s the image 
of Wk^ in Wl/k,s (this is group is denoted by Wk^. in the rest of the paper). Let O^^l^s : 
Wk^^l,s Wl/k,s and g^,L,5 : Wk^,l,s ^^(v} be the induced morphisms. One has a 
continuous map py : Wk^^l',S' ^ Wk^^l,s- 
Proof. Let T = {Fy-, fv)veY be an object of d^/K s- Then, 

t ^ = [P FyQ, Fy,P^fy) 
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does define an object of S^^/^^g/- Indeed, p*/^, gives a map 



^ 771 * * 771 

Qv,L',S'^v — PvQv,L,S'^v 
since the diagram of topological groups 

yyL'/K,s' — 



pIK,L,S^O - K,L',S'P*^0 



w, 



Wl/k,s 

is commutative. This yields a functor 



^v,L,S 




Wk. 



qv,L,s 



t* -.d 



L/K,S 



.L,S ■ 



^Z,'/K,5" 



Wi 



k{v) 



which commutes with finite projective limits and arbitrary inductive limits, by Proposition 
3.2[ Hence t* is the pull-back of a morphism of topoi t. The diagram of the proposition is 
easily seen to be commutative, using the commutativity of following triangles : 



L"/K,S" 



L'/K,S' 



and 



Wk. 



,L".S" 



w, 



L/K,S 



□ 



Remark 3.13. The family {"S i^/n s) l/k s ^"^ ^ projective system of topoi. Indeed, consider 
the filtered set 1/ k consisting of pairs {L/K,S), where L/K is a finite Galois sub-extension 
of K/K and S is a finite set of places of K containing the archimedian ones and the places 
ramified in L/K. There is an arrow {L'/K,S') — ?• {L/K,S) if and only if L C L' K and 
C S". The previous proposition shows that one has a pseudo-functor 



d. : I/k 

{L/K,S) 

Proposition 3.14. The following diagrams 



B 



Wr 



Topes 

L/K,S 



are both commutative, for any non-trivial valuation v. 

Proof. This follows immediately from the definition of t. 

For any v €Y, there is a canonical morphism of topological groups 

For the trivial valuation v = vq, the map 1^^^ is defined as follows: 



L/K,S 



□ 



Wk 



K 



Ck 



)>0 
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The first map is the projection from Wk to its maximal abelian Hausdorff quotient. The 
second map is given by the absolute value map from the idele class group Ck to M.'^^. The 
third map is the logarithm. 

Let Pic{Y) be the topological group obtained by dividing the idele class group Ck by the 
unit ideles. This group is known as the Arakelov Picard group. The map Ck defined as 
above induces a map PiciY) — )• M. One has also a continuous morphism — > Pic{Y), for 
any non-trivial valuation v. This yields the map 

Iv ■■ Wk(^^) ^ Pic{Y) ^ M. 

Note that if v is ultrametric, then ly sends the canonical generator of W^^-j to log{N{v)) € M, 
where N{v) = \k{v)\ is the norm of the closed point v of the scheme Y. Finally, The map Ivq 
induces a morphism l^^s '■ ^LjK^S ~^ We have an induced morphism of classifying topoi : 

Proposition 3.15. There is a morphism 

so that f^ij^g o iv is isomorphic to Bi^, for any closed point v ofY. 

Proof. In order to simplify the notations, we assume that Si^/^s ~ '^w y- functor 
(Bi^)^ : B^ — )■ factors through d^^.y- Indeed, for any object of B^, define 

r(^) := (i?r„(j-);/dB£j^)W. 

Here 

Mb^^j^) : qtBliT) = BUT) Bl^{F) = OtB^jT) 

is the identity of the object ( J^) of the category B^^^^ , where : Wk^ — t- M is the 
canonical morphism. This is well defined since the square 

Wk„ Wkiv) 



Iv 



Wk 



is commutative and Ly := ly^ o 9y = ly o q^. This yields a functor 

f*:BR y Sw;Y^ 

which commutes with finite projective limits and arbitrary inductive limits, by Proposition 
13.21 Hence /* is the pull-back of a morphism of topoi / such that there is an isomorphism of 
functors iyof* ~ B^^. For finite L/K and finite S, the same construction is valid by replacing 

Wk with Wi/K,s ^-^d Wk^ with Wk^- □ 

Proposition 3.16. The following diagram is commutative 



Bm 



for any K/L'/L/K and S C S' . 
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The proof is left to the reader. 

Proposition 3.17. Let L he an object ofT with trivial 5)-aciion. We denote also by 

L the object of defined by C with trivial y(R)-action. There is an isomorphism 

i r ^ f* c 

Proof. On the one hand, one has f^^j^^j^ = {Pv, fv)v&Y^ where Fy is defined by the trivial 
action on £, for any valuation v. The map is given by the identity of C. 

On the other hand, one has jj^/j^ = {qv*6*C,lv)- Let u be a non-trivial valuation of K. 

The object 9*C is C with trivial action. The map C q^^q^C given by adjunction is 

an isomorphism. It follows that q^^C is C with trivial y(14/^^(^))-action. □ 

Remark 3.18. In particular the following assertions hold. Let 7L be the constant object of 
T ■ Then j^ij^^t^TL is the constant object of^^^^^^ associated to 7L. Let M be the object of T 

represented by the topological group M. Then j^^j^ ^^M. is the constant object o/S^^/j^g (over 

T) associated to M. In other words, the v-component of j^^^^ ^^M. is R for any valuation v with 
Id^ as specialization maps. 

4. COHOMOLOGY 

In order to use the results of |3j, we assume in this section that i^T is a totally imaginary 
number field. We compute the cohomology of the total flask topos and the Lichtenbaum 
Weil-etale cohomology of any open subset of Y. The Lichtenbaum Weil-etale cohomology is 
deflned as a direct limit and requires some precautions to be computed rigourously. 

4.1. Preliminaries. Recall that = q^j^ = Idwi^/^g- particular the direct image of 
the induced morphism of topoi q^^-t : Bw^^^^ ^ — >■ Bw^/j^ g is the identity functor. Hence 
R^'iqvo*) = forn > 1. 

Proposition 4.1. Let A be an abelian object of Bw^^^ ^. For any n > 0, one has 

Here the map t^ is the trivial map 

tv '■ qyR^\qv*)OlA — > 6*R^{qvQ*)9*^A = 0, 

for n > 1. 

Proof. In this proof, we denote the morphism g simply by j . For any n > 1, one has 

(2) fR'^UM = R^ifjM = R^{Id)A = 0. 

Indeed, the functor j* is exact and j=K preserves injective objects. Hence the spectral sequence 

R^ijnR'^u*m ^ R''^''u*j*)iA) 

degenerates and ([2]) follows. Let u be a non-trivial valuation. One has i^j^A = qy^^OyA hence 

= R^{i*JM = R'^iqMA, 

since i* is exact. By ([5] IV. 5. 8), By is a localization morphism, since y(Wx„) is a sub-group 
of yiWi^ix^s) ™ It follows that 6* is exact and preserves injective objects. The associated 
spectral sequence yields 

R'^iqyX)^ = R'\qv.)eiA. 
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The proposition follows. □ 
Recall that one has a projective system of topoi (see Remark 13. 13p 

d» ■ I/k — > Topos 
iL/K,S) ^ 5,/,-,, 

The total topos Top (5^,) is defined as follows (see [5j VI. 7. 4). An object of Top (S".) is given by 
a family of objects ^^^^ g of dj^/^ s (-^/-^' ^ ^/k, endowed with a system of compatible 
maps /( : t*F^^j^^ -^l'/k s'' ^^"^^ ^ ■ '^l'/ks' ~^ '^l/ks morphism of topoi induced by 

the map {L'/K,S') — )• {L/K,S) in I/k- The maps ft are compatible in the following sense. 
For any pair of transition maps 

one has 

ft' O t'*{ft) = ftot' ■■ t'*t*^L/K.S ^'*^L'/K.S' ^ ^L"/K,S"- 

The arrows of the category Top{^,) are the obvious ones. 

Example 4.2. Denote by tL,s ■ ^^^y — ^ '^l/k s canonical morphism. Let T he an object 
"f^w.Y "^'^ ^L,s ■= tL,s,*J^- One has Tl,s = t*J^L',S' where t : S'^z/^g, dL/K,s '^^ 
transition map. By adjunction, we have a map 

ft ■ t*TL,S = t*t*^L',S' > ^L',S' 

These maps ft are compatible hence {J-L,s-,ft) is an object of Top 

Consider a discrete abelian group A. For any transition map t : ^^i^i^ g, ~^ '^l/ks' 
have t*A = A since the morphism from d^i^j^ g, to the final topos Set is unique. Therefore 
any discrete abelian group defines an abelian object of Top {^,) (which is the constant abelian 
object of the topos Top{^,) associated to A). 

More generally, Proposition \3.1(A provides us with a morphism Top {^,) — > whose inverse 
image functor is given by 

5r — > Top{^,) 

' ^ L/K,S'^^L/K,S 

Therefore, any abelian object A of B^ defines an abelian object (/^//^-g'^) of Top {^,). We 
denote this abelian object of Top {^,) also by A. 

Proposition 4.3. Let {L/K,S) be an element of I/k- There is an essential morphism 

(51,5*, (5*) --d^/K.s — ^ Top id,), 
whose inverse image is the functor 

6*: Topics,) d,^^,s 

Furthermore, 6\ is exact hence 5* preserves injective objects. 

Proof This is ([5] VI. Lemme 7.4.12). □ 

Definition 4.4. Let A = (-^^/^ /t)^/;^ s be an abelian object of the total topos Top{^,). 
Lichtenbaum's Weil-etale cohomology with coefficients in A is defined as the inductive limit 

where {L/K,S) runs over the set of finite Galois extensions and finite S. 
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We denote by pj^ g : Wk canonical map and also by p^^s ■ ~^ ^W^/k s 
the induced morpliism of classifying topoi. 

Lemma 4.5. Let A he an ahelian object of Bw^ md define Al,s '■= PL,S,*-^- The family 
{R^Hl s*)^L,s) defines an ahelian ohject I^'^j^^.A of the total topos Top{^,). 

Proof. The diagram of topoi 



^Wl/K,S ^ ^L/K.S 



is commutative. In other words, there is an isomorphism j^g^p* — t^j^, ^, ^. We get a 
transformation 

which is given by adjunction t*t^ — > Id. There is an induced transformation 

(3) = R^{t*j, ,^^p,) J, 

where the identity comes from the exactness of t* . Now, the Leray spectral sequence 

yields a natural transformation 

(4) ^"0..5.JP* ^ 

Composing ([3]) and ([4]), we get a transformation 

t*R''U,,sJp*^R"U,,^s'J- 

On the other hand one has p*Al',S' = '^L.Si since the diagram 

Bwk ^ ^Wl'/k^s' 



is commutative. Hence there is a canonical map 

ft : t*R^{j^ ,JAL,s = t*R^{j^ ,JpUL',s' R'\j^, ,^, JAL',s'. 

This yields a system of compatible maps hence an abelian object of Top (5^,). □ 
Consider for example a topological Wx-module A. Let A be the abelian object of -Bv^^ 
represented by A. Then Al,s is the object of By/^^j^^ represented by A^^-^, where N^^s 
is the kernel of the map pL^s ■ Wk — > Wi/x,s- The map ft is induced by the inclusion 

Proposition 4.6. Let A he an abelian object of Bw^^. There is a spectral sequence 
^''{'^L/K,s^^'3.A) li^H^+\Bw,,,^s^^L,s). 
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If A is represented by a continuous discrete Wx-module A or by the topological group M with 
trivial action, then we have a spectral sequence 

Proof. The composition Bj^jx^s ~^ ^l/k s ~^ ■S'e^ yields a Leray spectral sequence 

Passing to the limit (which is valid thanks to the previous Lemma), we get the first spec- 
tral sequence of the proposition. By [1] Lemma 10, one has Unj ^^ jH^jBwr /r<- ^^^'^) = 
HP{Bwif, A) for A = M or ^ a continuous discrete Wj^-module. This yields the second 
spectral sequence of the proposition. □ 

4.2. Computation of the Weil-etale cohomology. In what follows, we consider a non- 
trivial valuation v of K. 

Notation 4.7. We denote by Wj^^ the maximal compact sub-group ofWxy Hence Wj^^ = 1^ 
is the inertia subgroup for ultrametric v and Wj^^ ~ S"*^ for complex v. Let be the image 
in Wl/k,s- 
Consider the commutative square 



^^K, 

The first horizontal arrow is just (see [5] IV. 5. 8) 

The morpliism a and b are the localization morpliisms and this square is a pull-back (see |[5j 
IV. 5. 8). It follows that the natural transformation 

is an isomorphism. The localization functors a* and b* are both exact and they preserve 
injective objets. We get 

6*oi?"(g,,)=.i?«(e^, Jo a*. 
In other words, R'^{qy^)A is the group object R^^{e^i ^) of T endowed with its natural action 

of y{Wk(v))j since the functor b* : Bw^^^-) — ?> T is the forgetful functor (sending an object 
endowed with an action of 2/(VFfc(,,)) to T). Following the notations of [4J, we denote by 
HJ'{Wj^^,A) the object R''{qv*)A of Bw.^^y We have 

R'Ul.s.M = {iv.).^vo{H'^{Wk^,A).^,,), 

for any abelian object A of B^y^^^^ ^ and any g > 1, as it follows from Proposition 14.11 and 
from the discussion above. But the direct image functor 
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is exact (as it follows from its explicit description) and preserves injective objects. Therefore 
one has 

If V is not in S then Wj^^ = (see [6| Lemma 3.7). We get H'JiW]^^,A)) = for v not in S. 
The next result follows. 

Proposition 4.8. For any abelian object A of B\y^^j^ ^ and any q>l, we have 

By [3] Proposition 9.2, the sheaf H'^(Wj^^ , Z) is represented by the discrete VF^j^^^-module 
H''{W}^^,Z). Using m Proposition 8.1, we get 

= lirr^^^^Y.^''^^Hv)^H'^iWk^^)) = ^ ^^(W^fc(.),i^'^«„,Z)), 

where the {L/K, S) runs over the set of finite Galois extensions and finite S. We have obtained 
the next corollary. 

Corollary 4.9. For any q>\, we have the following identifications. 

H^{^„.^^,R'{m) = n HPiW,(^,),H'^iWk^,Z)). 

Let Pic{Y) be the Arakelov Picard group of K. This is the group obtained by taking the 
idele group of K and dividing by the principal ideles and the unit ideles. We denote by Pic{Y) 
the class group of K. Let Pic^{Y) be the kernel of the absolute value map from Pic{Y) to 
M^'^. One has an exact sequence of abelian compact groups 

^ R^'^+^^-'^/logiUK/f^K) Pic^{Y) Pic{Y) 

where log{UK I I^k) denotes the image of the logarithmic embedding of the units modulo torsion 
^kI^^K in the kernel M'"i+'~2-i Qf ^j-^g g^j-^ map S : M^i+''2 — > R. By Pontryagin duality, we 
obtain an exact sequence of discrete abelian groups (see also |j6j Proposition 6.4) : 

(5) ^ Pic(y )^ ^ Pi(^ {j f Hom{UK, Z) 0. 

Theorem 4.10. One has 

^"(5,/^„Z) = Zforn = 0, 
= for n = 1, 
= Pic^iY)^ forn = 2, 
= IJ'K for n = 3. 

The group ^""(3^^^^^,^) is of infinite rank for even n > 4 and vanishes for odd n > 5. 



ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 19 

Proof. The Cohomology of Wj^^ is given by class field theory for v ultrametric. For a 
complex valuation v, we have H'^(Wj^^,'Ij) = H'^{S^,'Ij), which is Z for q even and for q odd 
(this follows from [3] Prop. 5.2 and from the fact that the classifying space of S"^ is CP°°). 
Moreover, one has HP{B^,Z) = for any ^ > 1 (see [4] Proposition 9.6). Therefore, Corollary 
im yields 

v^vo,v\oo v\oo 

= Z for p = and g > 4 even, 

v\oo 

= otherwise. 

Now the second spectral sequence of Proposition 14.61 for A = Z gives 
Next, we obtain the exact sequence 

v\oo v\oo 

This is the Pontryagin dual of 

The result for n < 3 follows. Furthermore, the spectral sequence provides us with the exact 
sequence 

for even n > 4. Therefore, the result for n > 4 follows from the fact that the map H"'{Wk, Z) — )• 
0^[ooZ is surjective (see j3] proof of Corollary 9). □ 

Theorem 4.11. For n < 1 and n > 4, the canonical map 
is an isomorphism. Futhermore, there is an exact sequence 

v\oo v\oo 

In particular, the canonical map 
is not an isomorphism for n = 2, 3. 

Proof. The morphism of topoi 3^^^^ ^l/k,s y^^^^^ ^ -^"(^l/k.s'^) ^ ^"(^^vc,?'^)- 
By the universal property of the inductive limit we get a morphism 

Using Proposition 13.141 (with L' = K), and passing to the limit, we obtain a morphism of 
spectral sequences 
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Comparing these spectral sequences and using the previous proof, we deduce the result. □ 
Let V = {V, Voo) be an open sub-scheme of Y. It defines a sub-object of the final object of 
'^L/K s ■ "^^^ open sub-topos 

'^L/K,s/v ^ '^L/K,S 

is the full sub-category of Sj^/j^ s whose objects are of the form = (F^; fy)^^y (i.e. = $ 
iovveY-V). 

Definition 4.12. We denote by V, — ) := g/y , — ) the cohomology of the 

open sub-topos ^j^^j^ g/y- Then we set 

Let L/K he finite extension of K. For any place v of L, we denote by Ul^ the maximal 
compact sub-group of L^. Hence Ul^ = O^^ for a finite place v, Ul^ = for w complex and 
= Z/2Z for a real place v. 

Definition 4.13. Let V = (V, V^) be a connected etale Y -scheme and let L = KiV) be the 
number field corresponding to the generic point ofV. We define the class group Cy associated 
to V by the exact sequence of topological groups 

^ n Ul, -^CL^Cy^O. 

vev 

We denote by the topological sub-group of Cy defined by the kernel of the canonical con- 
tinuous morphism Cy — )■ M>o. 

Note that Cy is just the S-idele class group of the number field K{V)^ where S is the set 
of valuations of K{y) not corresponding to a point of V . The group is compact. 

Proposition 4.14. Let V ^Y be a proper open sub-scheme ofY. Then one has 

= ^forn = 0, 
= for n odd, 
= {C^yf forn = 2. 

For even n > 4, we have an exact sequence 

Proof. We use again the Leray spectral sequence induced by the inclusion of the generic 
point. We get g,V,Z) = H^{Wk,'^) = and the exact sequence 

vev veVoo 

Moreover the map 

is injective, since V <^Y. By Pontryagin duality, we obtain ^^(^^^^ g, y, Z) = and 
4^(5^^^^^, y,Z) = Ker[{C],f C/^J = (C^f 
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Next we obtain an exact sequence 

for even n > 4. This ends the proof since the map H"(Wk ,'^) ^veV ^ surjective for 
even n > 4 (see |4| proof of Corohary 9). □ 

Proposition 4.15. For any open sub-scheme V '^Y, one has 

Proof. Arguing as above and using the fact that H"'{Wj^^,M.) = for n > 1 and any non- 
trivial valuation v since Wj^^ is compact (see [4] Corollary 8), we obtain //"(S"^^^ ^, M) = 
H^{Wi/j^S, ^) fo'^ V QY and any pair (L, S). Now the product decomposition Wi/j^^g = 
^L/K s ^ ^ ^^'^ ^^^^ compactness of Wj^^j^ g show (see Proposition 9.6): 

H''{Wl/k,sM) = i^"(M,i) = M for n = 0, 1 and for n>2. 
Passing to the limit over (L, S), we obtain the result. □ 

4.3. Cohomology with compact support. The open sub-topos (p : — > 5^^/^^ 
associated to the inclusion Y Y gives rise to three adjoint functors 4'l,s,\^ 4'l 5' 4'L,S,*- The 
functor (l)L,s,\ is the usual extension by 0. If ^ = {A^; fv)veY is an abelian object of 5^^^^ c,/y, 
then (l)L,S,\-^ is the abelian object of whose u-component is Ay for v € Y, and for 

V G Yoo- If there is no risk of ambiguity, we denote by (pi, (j)* , the functors defined above. 
For any abelian object A = {A^; fv)v£Y ^l/k s have an exact sequence 

(6) ^ -4 ^ iy^^Ay 0. 

Moreover, iy^^, is exact and preserves injectives, hence one has 

(7) H^{d^^^,s^Ili-,*^y) = H''{l[BK,l[iy,,Ay) = l[H^{Bu,Ay). 

Notation 4.16. We denote by (respectively 4>\M) the abelian object of Top (^,) defined by 
the family of sheaves (p^^s,'.'^ (respectively (f)L^s,l^) with the obvious transition maps. 

Using the exact sequence of sheaves ([6]), equation ([7|), and passing to the limit we get the 
following long exact sequences, for any open sub-scheme V ^Y : 

(8) ... ^ ^"(i?^/^_g,y,(/>,Z) ^ ^"(5,/,,,„F,Z) ^JlH^iB^,!.) ^ ... 

(9) ... ^ 4^(^,/^^y,(/>!i) ^ 4'^(^,/^„F,i) ^ J{H^{B^,^) ^ ... 

By ([3] Proposition 9.6), we have H'^{B^,'L) = for any n > 1, iJ"(S]R,i) = M forn = 0, 1 
and -ff"(i?]R,M) = for n > 2. This is enough to compute the groups H^i^ i^/,^ 'Z'!^) and 
:^"(5^L/A' 5' '^!^) open y C y. in particular, we recover the result ([6] Theorem 

6.3) for y = y and n < 3. 
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5. The category of sheaves on Lichtenbaum's Weil-etale site 

In this section we sliow tliat the topos dj^/K s equivalent to the category of sheaves on 
Lichtenbaum's Weil-etale site T^/j^g. 

5.1. The local section site. The Weil-etale site {Ti/j^g,J'is) is defined in |6| using the 
groups where L/K is a finite Galois extension and S a finite set of primes of K 
containing the archimedean ones and the primes ramified in L/K. 

Definition 5.1. An object of the category Ti^jj^ g is a collection X = fv)y^Y> where is 
a Wfi-i^^-j -topological space and f^ : X^ — ?• X^^ is a morphism ofWxySpaces for any v ^ vq (the 
topological group Wk^ CLcts continuously on X^ and X^^ via the morphisms 9^ : Wk^ Wk 
and : Wk^ ^fc(t)) respectively). If v = vq we require that the action ofWx on factors 
through Wl/k,s- 

The morphisms in this category are defined in the obvious way. The topology Jis on the 
category Tj^j^^s generated by the pre-topology for which a cover is a family of morphisms 
{Xi — )• X} such that {Xi-^ — ?• X^} is a local section cover, for any valuation v. 

M. Flach has shown in [4J that the definition of W[Wk] ^) as the direct limit lirr^ H^(Wlik-s 
coincides with the topological group cohomology of Wk- Here, ^4 is a discrete abelian group 
or the usual topological group M whith trivial W/v-action (see [1] Lemma 10). This suggests 
the following definition. 

Definition 5.2. The local section site (T^.-p ; Ji^) is defined as above, but the action ofWK on 
the generic component X^^ of an object X ofT^y.y is not supposed to factor through W^jk^s- 

For any topological group G, we denote by BxopG the category of topological spaces (in a 
given universe) on which G acts continuously. The functor BtopWkv BtopWkv induced by 
the surjective map Wk^ — > Wkv is fully faithful. Therefore, an object of the category T^jk^s 
is given by a collection X = {X^; fv)^^Y where fy is a map of Ty^-^ -topological spaces. 

The category T^^.y (respectively Ti/k,s) ^^^s finite projective limits. Indeed, the final object 
is given by the trivial action of W/^^y-^ on the one point space X^ := {*} for any v, and by the 
trivial map fv '■ X^ — >■ X^g . Let 

<P:U= {U,- f,)^X = (X,; e.) and cj)' -.W = (C/^; f',) ^ X = (X,; C.) 

be two morphisms in T^.y (respectively in T];^/k,s)- The object {U^ Xx„ U^] fv fv)v£Y 
does define a fiber product Z// X;f ZY' in the category T^y.-p (respectively Tiik^s)- 

5.2. The local section site is a site for the fiask topos. 

Notation 5.3. In order to simplify the notations, we assume in this section [57B that L = K/K 
is an algebraic closure of K and S is the set of all places of K. However, everything here 
remains valid for any suitable pair {L/K, S). 

Let t> be a valuation of K. The Yoneda embedding yields fully faithful functors 

Ev : BTopWki^y) Bw^,^) and £k^ ■ BtopWk^ Bw^^ ■ 

Recall that 6* : Byy^ -^VKif„ Qv '■ ~^ ^Wk^ denote the pull-backs of the mor- 

phisms of classifying topoi induced by the Weil map 6y '. ^^Ky — ^ and by the projection 
'■ Wk^ — > W^fc(i,) • In the following proof, we denote also by 

'91 : BtopWk ^ BTopWKy and *ql : BropW^^,) ^ BtopWk^ 
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the functors induced by 9y and q^. One has 

(10) qloe^= ek, o *g* and 6** o e^^ = ek, o *6'*. 

Proposition 5.4. There is a fully faithful functor 



y : 



W:Y 



— {Xv', fv) 



y{X) = {e,{X,)-eKMv)) ' 



Proof, li X = (X^,;/^) is an object of T^.y, then f^ : ^q*{Xy) ''0*{X^q) is a map of 
BTopWxy, for any valuation v. By (jlOp . the map 

exAfv) : ql o e^X,) = sk^ o ek^ o '^^(X,,,) = 91 o e,(X,J 

is a morphism of B\Yj^^. Hence y{X) = {£v{Xv)', SKvifv)) is an object of ^^.y. and y is a 
functor. Let X = (X^ ; f^)^ and X' = (X(, ; be two objects of Tyy.y- Denote by 

Y{X;X') ■ HomT^,-{{Xy ; fy); (X^ ; f'^)) — > Hom^^ _ ((e^X^ ; SkJv); {^vXy ; SkJv)) 

the map defined by the functor y. One has to show that y(^X;X') is a bijection, for any objects 
X and X'. Let 

<P' = iK)v, 4> = i4'v)v -{Xv; /^)^(X^; f^) 

be two morphisms in T^.y such that y(X;X')i4'') = y(A';A'')('^)- One has ey{cj}'^) = ey{(j)y) for 
any v Since e„ is fuhy faithful, we get (p'^ = (j)^ hence the map y(^x-x') is injective. Let 

V = i<fv)v ■ iSvXv ; EK^fv) {^vX'y ; EK^f'y) 

be a morphism in '^T^.y- For any v , there exists a unique morphism (j)^ : X„ — ?> X(, such 
that e,;((/>^) = ifv (since is fully faithful). The square 



Qvi^vX-u 

i^VO XvQ j 



Qvi^vX'y) 

(^t'O ) 



is commutative. By pO|) . the following diagram commutes as well 

e-R-„(*gJ(</'i,)) 



EK^'qliXy)) 

eKA'0*viXvo)) 



' EKA'QliX'y)) 

Uv) 



Finally, the square 



'ql{X,) 

fv 



tQ*(Y ^ 



'ql{xi) 

f 

J V 



to* 
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is commutative, since e^^ is fully faithful. Hence (p = {4'v)v : X ^ X' is a morpliism of T^y.y 
such that 

The functor y is fully faithful, since the map y(^X;X/) is bijective for any objects X and X' of 

For the notion of induced topology we refer to ([5] III. 3.1). 

Proposition 5.5. The local section topology Jia on T-^.y is the topology induced by the canon- 
ical topology of^^^^ via the functor y. 

Proof. Recall that the coproduct of a family of topoi is, as a category, the product of the 
underlying categories. Then consider the following commutative diagram 

y 

The local section topology on T^r.Y is (by definition) the topology induced by the local sec- 
tion topology on Hugy -^ropW^fc(D) (see [5] III. 3. 4). By ^ Proposition 4.1, the local section 
topology on i?TopW^fc(t)) is the topology induced by the canonical topology of Bw^^^y Hence 
the local section topology on Y\ -STopW^fc(i,) is the topology induced by the canonical topology 
of ]J i?vFfe(„) ■ Since the previous diagram is commutative, the local section topology on T^r.Y 
is the topology induced by the canonical topology of ]J Bw^^^^ via the functor 

Hence, it remains to show that the canonical topology of 5^^.^ is induced by the canonical 
topology of]jBwk^,y 

The functor (ijj)^ : S^.y ~^ IJ-^VKfe(j,) is the pull-back of the morphism of topoi {iv)y '■ 
Y[Bw^^^^ — )• Then (i^)^ is a continuous morphism of left exact sites, when 5^^^.^ and 

Y[ B\\r^^^^ are viewed as categories endowed with their canonical topologies. This shows that 
the topology Jind on 'Sw y induced by the canonical topology of ]J B^r^^^^ is finer than the 
canonical topology of 5^^.^, by definition of the induced topology. 

We need to show that any representable presheaf is a sheaf on the site {'S^,^', Jind)- Let 
T = (F„; f^)^ be an object of 5^^.^, and let 

{ui : Xi = {Xi-y;^i-y) — > X = (X^,; ,^„)}j£7 

be a covering family of the site {^y^,..Y^ J^ind)- The functor 

{-S^.y'^ '^ind) > (]J By/^^^y Jean) > {Bw^^^y ■Jean) 
v£Y 

is continuous. Therefore (see [5] HI. 1.6) the family 

is a covering family of {By/^^^y Jean) for any valuation v. Since the covering families for the 
canonical topology of a topos are precisely the epimorphic families, the family {Xi-^ — >■ X„} 



ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 



25 



is epimorphic. Moreover, the pull-back q* of the morphism : By^^^^ — >■ B-\iy^^^^ preserves (as 
any pull-back) epimorphic families. Hence the family 

{(i*v{ui;v) ■■ q*v{Xi.v) — > q*v{Xv)}ia 

is epimorphic in the category Bwk^ ■ Consider the diagram D: 



Homi{X,),;{F,)J 



Hom{X-J^) 



Y[Hom{{X,,,)^-{F,)^) 

d 

— ^\{Hom{Xi;J^) 



\[Hom{{Xi,,Xx^X,,,)^-{F,\) 



\{Hom{Xi Xx Xj;J^) 



The sets of homomorphisms in the first line correspond to the category U -B^i/j.^^) , and the set 
of homomorphisms of the second line correspond to the category d^.y ■ The vertical arrows are 
given by the faithful functor (^*)^. Hence those vertical maps are all injective. In particular, 
a and d are both injective. 

The functor (i*)^ sends covering families of d^y.y to covering families of Y[ Bwk(y) ; since («^)^ 
is continuous. Moreover, any represcntablc prcslicaf of \J Bw,,^^) is a sheaf for the canonical 
topology. This shows that the first line of D is exact. Hence, the maps a and 5 are both 
injective, which shows that c is injective. 

Now, let be an element of the kernel of 

WHom{Xi-F) ^WHom{Xi Xx Xj-F). 
The square on the right hand side is commutative hence d{{(pi)j) is in the kernel of 

\{Hom{{X,,,)^; {F,).^) ^\{Hom{{Xr,, Xx„ X,,,)^; 

Then we get an element (p G i/om((X„)^; which goes to d{{ipi)-), since the first line 

is exact. More precisely, one has b{(p) = d{{ipi)-). Let v he a non-trivial valuation. For any 
i E I, consider the diagram 



&v {-Xi;vo ) 



Q't,(4'v) 



fv 



Here, the total square and the left hand side square are both commutative. Indeed, 
Ui G Hom^^ ^ {Xf, X) and (p o Ui = (pi G Hom:g^ ^ {Xi;F). 

It follows that the elements 

Ki^t^vo) ° and fy o ql{(j)y) 
of the set HomBw i(ll{Xv)',Ql{Fvn)) have the same image under the morphism 

HoruB^^^ (qliX,); 9;{F,,)) HoruB^^^ {ql{X^■,.)■, OUF.J), 



for any i € /. Hence, 6*((j)yQ) o and o g* have the same image under the morphism 



(11) 



■,v) \ Gv (Fvo))- 
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Furthermore, the morphism (|lip is injective, since the family {q*(Xi.y) q*{Xy)} is epimor- 
phic. The equahty 



o 



fohows. For any valuation v the square 



Q:{X.,) ^ ql{F.) 



fv 



f'v (<Pf ) 

is commutative. In other words, the element (p € Hom\-\Bw {{-^v).,] [Fv),) hes in 

Hence there exists a unique ip E Hom^^ _ {X; J^) such that a{ip) = (j). We get 

b o a{ip) = b{4>) = d{{ipi)i) = do c{ip) 

and 

since d is injective. This shows that the second line of D is exact. 
We have shown that the sequence 

is exact and that the first arrow is injective, for any object J- of dy^.y any covering family 
{Xi — >■ X}i^i of the site {dyy.y'j ■^ind)- Hence any representable presheaf of the category '5^^,^. 
is a sheaf for the topology Jind- In other words the topology Jind is sub-canonical, that is, 
coarser than the canonical topology. Since Jind is also finer than the canonical topology, it is 
the canonical topology. □ 

Corollary 5.6. The functor y is continuous. 

Proof. By definition of the induced topology, J'ls is the finest topology on 7\y.y such that y 
is continuous (see [5] HI. 3.1). □ 

Corollary 5.7. The local section topology Jig on Ty^.y is sub- canonical. 

Proof. Let X be an object of T^.-p. The presheaf y{X) of ^^.y represented by y{X) is 

a sheaf, since S^^.-p is endowed with the canonical topology. The restriction of y{X) to the 
sub-category Ty^.y via the functor y is a sheaf for the local section topology since y is 

continuous. But this sheaf is canonically isomorphic to the presheaf X of T^y.-y represented 

by X, since y is fully faithful. Hence X \s a, sheaf. □ 

We denote by y : Top — )■ T the Yoneda embedding. In order to simplify the notations in the 
following proof, we also denote by y : ExopG Bq the induced functor, for any topological 
group G. By [1] Corollary 3, the full sub-category of Bw^^^^^ defined by the family of objects 

{y{Wk(y)xZ)-Z eOh{Top)) 
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is a generating sub-category, for any valuation v. Here y(Wfc(^-)) acts on x Z) = 

y{^k(v)) ^ yi^) oil the first factor. Consider the sequence adjoint functors between B\Yi^^ 
and 

induced by the morphism of topological groups 9^ : Wk^ Wk- Recall that the functor 9y\ 
is defined by 

where y{WK^) acts on the left on T and by right-translations on y{WK)- For any v € and 
any Z G Ob{Top), we define 

Gz;v = {i0v\{ql{yiWk(^) X Z))) ; y{Wk(v) ^ Z) ; {1>Bw^^^^)^u^vo;v) ; {9Z;v)), 

where the morphism 

gz;v : q:{y{Wk(^v) X z)) 91 o 9,M:{y{Wk(v) X z))) 
is given by adjunction. For the trivial valuation tjq and for any Z € Ob{Top), we define 

Note that Tyj/.-p is equivalent to a full subcategory of d^^^.y i t>y Proposition 15.41 
Proposition 5.8. The category T-^.y is a generating sub-category of^^^. 
Proof. It is shown in the proof of Proposition 13.31 that the family 

{Gz-v-, ; Z e ObiTop); veY} 

is a generating family of ^y^,.Y■ Hence it remains to show that Qz;v lies in Tp^/.-p, for any 
Z G Ob{Top) and any v It is obvious for the trivial valuation v = vq. Take a non-trivial 

valuation v ^ vq. One has 

(12) 9,,{q:{y{Wk(,) x Z))) := y{WK) x^(^^") y{Wj,^,) x Z) = y{WK x^^" {W^^,^ x Z)). 

as it is shown in the proof of Lemma 13). Note that Wk^ acts on the right on Wk 
and by left translation on the first factor on (W^fc(t,) x Z). This defines the quotient space 
{Wk x*^^" {Wk{v) X Z)). Then Wk acts on {Wk x'^^" {Wk{y) x Z)) by left translations on 
the first factor. We obtain 

(13) Gz;v = {9v\{ql{y{Wk(v) ^ Z))); y{Wk(v) >^ Z); {^Bw^, Jw^vQ-y, gz;v) 

(14) = y {Wk x^'<^ {Wk^,) X Z); {W^^,) x Z); {%Top)u,^v,-y, g^v) , 
where 

g^, : {Wk(,) xZ)^ Wk x^^- {Wk(,) x Z) 

is the unique map of ly^-^ -topological spaces such that y{gzyv) = 9Z;v (recall that the Yoneda 
embedding y : BtopWk^ — > B^^^^ is fully faithful). Hence Qz;v is an object of Ty^r.y for any 
Z € Ob{Top) and any v (zY. 

□ 

Theorem 5.9. The canonical morphism 
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is an equivalence of topoi, where (T^y.-p; jTis) is the category of sheaves on the local section site. 
More generally, the canonical map 

^L/K,s — ^ {Tl/k,s\Jis) 

is an equivalence. 

Proof. The functor y : T-^.y — ?• 'S^.y fully faithful, the topology Jig is induced by the 
canonical topology of S^^.y and Ty^.y is a generating sub-category of 'St^.y ■ The first claim 
of the theorem follows from ([5] IV. 1.2.1). More generally, the proofs of ()5.4p . (15. 5p and ()5.8p 
remain valid for S^^^j^g, where L/K and S are both finite, by replacing Wk and Wk^ with 

WijK^S and Wk^ respectively. □ 

Corollary 5.10. The canonical map 

l^LfK,sH''iTL/K,s,^) ^ H^iTw,Y,^) 
is not an isomorphism for n = 2,3. 

Proof. The cohomology of the site Tj^jj^g (respectively T^^.y) is by definition the coho- 

mology of the topos {Tij^^s'^ >Jls) (respectively [T^^.y] Ji^)) which is in turn equivalent to 
^L/K s (respectively 5,^.^) by Theorem 15.91 Therefore this corollary is just a reformulation of 
Theorem liTTl ' □ 

Remark 5.11. This corollary points out that Lichtenbaum's Weil-etale cohomology is not 
defined as the cohomology of a site (i.e. of a topos). 

6. The Artin-Verdier etale topos 

The Artin-Verdier etale site associated to a number field takes the (ramification at the) 
archimedean primes into account (see [9j and [2] ) . This refinement of the etale site is necessary 
if one wants to obtain naturally the vanishing of the cohomology in degrees greater than three. 
Recall that Y is the set of valuations of a number field K. 

6.1. The Artin-Verdier etale site of Y. Here, all schemes are separated and of finite type 
over Spec{'L). A connected Y -scheme is a pair X = {X;X^), where X is a connected Y- 
scheme in the usual sense. When X is empty, X^ has to be (empty or) a single point over 
Yqo. If X is not empty, X^o is an connected open subset of X{C)/ ~. Here, X(C)/ ~ is 
the quotient of the set of complex valued points of X under the equivalence relation defined 
by complex conjugation, endowed with the quotient topology. A Y -scheme is a finite sum of 
connected y-schemes. 

A connected etale Y -scheme is a connected y-scheme [X; X^), where X/Y is etale of finite 
presentation and X^/Y^ is unramified in the sense that if y E 1^00 is real, so is any point x of 
X^o lying over y. An etale Y-scheme X is a finite sum of connected etale Y-schemes, called 
the connected components of X. A morphism cj) : (U; Uoo) {V', Voo) of etale y-schemes is 
given by a morphism (p : U V of etale ^-schemes which induces a map (p^o '■ U^o Kx> 
over Yoo. Fiber products JJ x-^ V := [U Xx V; Uoo '^Xoo ^00) exist in the category Ety of etale 
y-schemes. 

Definition 6.1. The Artin-Verdier etale site of Y is defined by the category Ety of etale Y- 
schemes endowed with the topology J^t generated by the pre-topology for which the coverings 
are the surjective families. 
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6.2. The specialization maps. Let be a valuation of K corresponding to a point of Y. 
We denote by k{v) and k{v) the residue field at v and its algebraic closure. The lienselization 
and the strict henselization of Y at v are defined as the projective limits 

5pec(O^.J :=l^U and Spec(Of.J := ^ U, 

where U runs over the filtered system of etale neighborhoods of w in y and the filtered system of 
etale neighborhoods of v inY respectively. Here an etale neighborhood of f in y (respectively 
of V in Y) is given by an etale ^-scheme U endowed with a morphism (5pec(/c(t;)); 0) — )• U 
over Y (respectively endowed with a morphism (Spec{k{v));^) U over Y). Then for v 
ultrametric, the local ring := O,-/ is henselian with fraction field K!^ and with residue 

field k{v). Respectively, the local ring O^^^ := is strictly henselian with fraction field K^^ 

and with residue field k{v). For an archimedean valuation v, one has 

{Spec{Kf);v) = {Spec{K^);v) = U, 

where U runs over the filtered system of Y-morphisms (0; v) — )■ U. The choice of the valuation 
V of K lying over v induces an embedding 

= K^- — > K. 

For any ultrametric valuation v, we get a specialization map over Y 

(15) Spec{K) = [SpeciK); 0) {Spec{Of. J; 0) =: 

Such a specialization map over Y is also defined for a archimedean valuation v : 

(16) Spec{K) = (SpeciK); 0) {Spec{K'J');v) =: . 

In what follows, Y.^^^ denotes the y-schemes (Spec(Oy.j,); 0), {Spec{Ky^);v) and Spec{K) = 
{Spec{K); 0) for v ultrametric, archimedean and the trivial valuation respectively. 

6.3. The etale topos of Y. The Artin-Verdier etale topos Yet associated to the Arakelov 
compactification of SpeciOx) is the category of sheaves of sets on the site [Ety] Jet)- We 
denote by Yet the usual etale topos of the scheme Y . 

Proposition 6.2. There is an open embedding 

ip :Yet — > Yet 

corresponding to the open inclusion Y := (Y; 0) Y. For any closed point v of Y , there is a 
closed embedding (see [5] IV Proposition 9.3.4) 

■■ Yet. 

The closed complement of Yet in- Yet is the image of the closed embedding 

u := (ui,)i,gy^ : Y[ Set — > Yet- 

Proof. The map Y := {Y; 0) — )• y is a monomorphism in Ety, hence the Yoneda embedding 
defines a sub-object eiY) of the final object of Yet. Thus the localization morphism 

(17) Yet/e(X) 
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is an open embedding. The category {Ety) /y is isomorphic to the usual category Ety of etale 
y-schemes. Under this identification, the usual etale topology J'f.t on Ety is the topology Jmd 
induced by the forgetful functor 

{Ety) ~^ E'^Yl 

where Ety is endowed with the Artin-Verdier etale topology. Moreover, one has an equivalence 
(see [5] III.5.4) 

(18) {Et^et) ^ {{Et^^-J^^d) - Yetle{Yy 



The first claim of the proposition follows from (I17p and (1181) . 

Assume that v corresponds to an ultrametric valuation and denote by u — >■ y the morphism 
{Spec{k{v)); 0) — t- Y. The functor 

<■■ Ety T^^^^ 

(X-^Y) I — > {X Xy V ^ Spec{k{v))) 

is a morphism of left exact sites, where denotes the category of finite Gu/^ysets endowed 

with the canonical topology. We denote by 

: , Yet 

the induced morphism of topoi. The adjunction transformation ti* o — >• Id is an isomor- 
phism (i.e. Uf, is an embedding). 

Assume now that v is an archimedean valuation and denote hy v Y the morphism 
(0; v) —7- Y. Again, the functor 

M* : Ety — > Setf = r/ 

X^Y ^ X Xyv ^ {(l>;v) 

is a morphism of left exact sites, where Set ^ is the category of finite sets, endowed with the 
canonical topology. We get a embedding of topoi 

: Set — > Yet- 

For any v € Y^, let (Y — v) — > y be the open complement of the closed point v. Again, £{Y — v) 
is a sub-object of the final object of Y^t, which yields an open embedding j : Y^t /g(y_j,) — > Y^t- 
The strictly full subcategory of Y^t defined by the objects X such that i*{X) is the final object 
of Yetji^iY^) is exactly the essential image of u^- In other words, the image of is the closed 
complement of j. Hence, is a closed embedding. The last claim of the proposition follows 
from ([5J IV.9.4.6). □ 

Corollary 6.3. The family of functors 

{ui-.Yet^B^^l^^ - ^eyo} 

is conservative. 

Proof. By ([5] VIII. 3. 13), the family of functors 

{ul:Ye,^Bh^^^^- veY'} 
is conservative. By (^ IV 9.4.1.c), the result follows from Proposition 16.21 □ 
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Let T be an object of and let J-'^g € Ob{BQ^) be its generic stalk. For any archimedean 
valuation v one has 

(19) <o(^,(j-)^ J•4^ 

Let u : Yiy^Yao ~^ ^* morphism given by the family {uv)veYoo ■ Consider the functor 

p := u*ip^ : Yet — > U^GYoo ^ 

Let us consider the category (] j^.^y^ Set , Y^t, p) defined in ([5j IV. 9. 5.1). 
Corollary 6.4. The category Y^t is equivalent to (]J^,^y^ Set , Ypt, p) . 
Proof. There is a functor 

Zt ^ iUvev^ Set, Yet, p) 

where / : u*J- — )• u*ip^,(p*T is given by adjunction. By ([5j IV. 9. 5. 4. a) and Proposition 16. 2| 
the functor $ is an equivalence of categories. □ 

In particular, we have the usual sequences of adjoint functors 

ip\, if*, if^ and u*, M*, u'. 

between the categories of abelian sheaves on Y^t, Y^t and Y^o respectively. It follows that 
is exact and ip* preserves injective objects since 'p\ is exact. For any abelian sheaf A on Y^t, 
one has the exact sequence 

(20) Q ^ <p\ip*A^ u^u*A^ Q, 

where the morphisms are given by adjunction. If ^ is a sheaf on Y^t, the etale coliomology with 
compact support is defined by He(Yet, A) := H^{Yet,'p\A). To compute the etale cohomology 
with compact support, we use (j20p and we observe that the cohomology of the sheaf u^,u*A 
is trivial in degrees n > 1 since is exact. For example, one has 

(21) H^{Yet,Z) = 0, (Yl Z) /Z for n = 0, 1 and H^iYet, Z) = H'^iYet, Z) for n > 2. 

Consider now the constant etale sheaf associated to the discrete abelian group M. By Propo- 
sition [63] below, one has 

(22) Hi {Yet , M) = ( JJ M) /M and (Yet , M) = forn / 1 . 

6.4. Artin-Verdier etale cohomology. Here we compute the Artin-Verdier etale cohomol- 
ogy with Z-coefficients. Let j : Spec{K) —^Y^Yhe the inclusion of the generic point of 
Y. 

Proposition 6.5. For any uniquely divisible Gx-module Q, the sheaf j^Q on Yet is acyclic 
for the global sections functor, i.e. H^iYet, j*Q) = for any q>l. More generally, if Q is a 
Gk -module such that H^{Gk,Q) = H'"'{Iv,Q) = for any n > 1 and any valuation v of K, 
then the sheaf j^^Q on Yet is acyclic for the global sections functor. 
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Proof. Assume that Q is uniquely divible The more general case follows from the same 
argument. For any v G , one has (see (I19p ) : 

< R%3*)Q = R''Kj.)Q = H'^ih; Q). 

The groups are all profinite (or finite) and Q is uniquely divisible. We obtain 

< RHj.)Q = 

for any g > 1. By Corollary 16.31 we get R'^{j*){Q) = for any g > 1. Then the Leray spectral 
sequence 

ffP{Yef,R'^{j.)Q) =^ HP+\Gk:Q) 

yields 

ii'"(i;t;i*Q) -^"(Gx;Q) =0 

for any n > 1, since Galois coliomology is torsion. 

□ 

Let PiciY) and Uk be the class-group of and the unit group of K respectively. Let r\ be 
number of real primes of K. We denote by = Hom{A; Q/Z) the dual of a finitely generated 
abelian group (or a profinite group) A. We consider the idele class group Ck of K and the 
connected component Dk of 1 € Ck- The coliomology of the global Galois group Gk with 
coefficients in Z is trivial in odd degrees and we have H'^{Gk;'Z) = Z, {Gk/Dk)^ , (Z/2Z)'"i 
for r = 0, r = 2 and r > 4 even respectively (see \V\ 1. Corollary 4.6). 

Proposition 6.6. The cohomology of the Artin-Verdier etale topos with coefficients in TL is 
given by 

H'^iYef,!^) = Zforq = 0, 
= Oforq=l, 
= Pic{Y)^ for q = 2, 
= Uj^forq = 3, 
= /or g > 4. 

Proof. As in the proof of Proposition 16.51 we get 

KiR'^iM = R'^Kj,)C = H\I,-C) G 06(SS^^^^) 

for any C € 06(i?^.) and any v ^Y (recall that 1^^ is trivial). In particular, one has j'^kZ = Z 
and 

fRl{j,) = Ri{fj,) = Ri{Id)=0 
for any q > 1, since j is an embedding. Moreover the map R'^{j^)C — )• u^^:U*R'^{j^)C given 

by adjunction factors through J2veY0 Uv*H'^[Iy] C)^ since a cohomology class in H'1{Gk,J~') is 
unramified almost everywhere. The induced map 

is an isomorphism using Corollary 16.31 and the fact that u* commutes with sums. We obtain 
R'^{jtf)'L = for q odd. By local class field theory, we have 

i?2(j;)Z= ^ n,,(O^J^ ^ n,*(Z/2Z)^ 
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and = X^^gft'(R) ^it)*(^/2Z)-^ for q > 4 even. The Leray spectral sequence 

yields the exact sequence 

where the central map is the Pontryagin dual of the canonical morphism . 
The result follows for q <3. Next the Leray spectral sequence yields 

for any even q > 4. This ends the proof since the map H'^(Gk,7j) — > ^^g^^j-jg^ Z/2Z is an 
isomorphism. □ 
The cohomology groups H"'{Yet,'^) for n = 0, 1,2 can also be deduced from unramified class 
field theory (i.e. 7:i(Yetr^ ^ Cl{K)), using Proposition 16.51 

7. The morphism from the flask topos to the etale topos 

In this section we describe the relation between the flask topos and the etale topos. There 
is a morphism of topoi from the full flask topos to Y^t- However this morphism does not 

factor through d^/K have to decompose the etale topos as a projective limit in order 

to understand the relation between the projective system of topoi and Y^t- 

7.1. The morphism from the etale site to the local section site. By Corollarv 15. 7| 
the local section topology J'ls on the category T^r.Y is sub-canonical. Since T^y.y has finite 
projective limits, (Ty^/.y', J^is) is what we call a left exact site. 

Proposition 7.1. There exists a morphism of left exact sites 

C* : {Ety^Jet) — > {Ti^.y;; Jis) 
X I — y X ' 

Proof. Let X be an etale y-scheme. For any valuation v, we define 

X^ := HomY{Y^''';X). 
Note that, for any ultrametric valuation v, the set 

X^ = Homy{Yf^;X) = Homy{Spec(kiv)); X) 
carries an action of G^^y For any archimedean valuation v, 

X^ = HomyiY^'''; X) = Homy{{%; v); X), 

is just a set. For the trivial valuation v = vq, 

X.,^ = HomyiY^f^X) = HomY{Spec{K);X) 

is a Gx-set. For any valuation v, X^ is viewed as a Wfc(^) -topological space. The morphisms 
(jl5p and (jl6p yield maps of VF/^-^ -spaces : X^ — >■ Xy^, for any v. So we get an object 
CiX) = X of Ty^.y. Clearly, C* is a functor. It preserves final objects and fiber products. 
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by the universal property of fiber products in the category Ety- Hence ^* is left exact. 
Furthermore, an etale cover {Xi ^ X; z € 1} yields a surjective family of finite Gfc(t,)-sets 
{Xi^^ — >■ X„; i G 1} for any valuation v, hence a local section cover. It follows that ^* is 
continuous and left exact. □ 

This morphism of left exact sites induces a morphism of topoi. Hence the next result follows 
from Theorem 15.91 

Corollary 7.2. There is a morphism of topoi ^ : ^^..y Y^t- 

The next proposition is an application of (Grothendieck) Galois Theory. This result will 
not be used in the remaining part of this paper. A proof can be found in [8j. 

Proposition 7.3. The functor C,* is fully faithful. The essential image of Q* is defined by the 
objects X ofTyy-Y such that X^^^ is a finite set, f^ is injective for any v and bijective for almost 
all V (i.e. except for a finite number of non-trivial valuations). Finally, the etale topology J'^t 
on Ety is induced via (^* by the local section topology Jig on Ty^.y. 

Remark 7.4. Proposition 1 7. 31 suggests to define the "Weil-etale topology" as the full sub- 
category of T^.y consisting of objects {Xy,f^) such that f^ is a topological immersion for 
every valuation v and a homeomorphism for almost all valuations. Then we endow this full 
sub-category of Ty/.y with the topology induced by the local section topology via the inclusion 
functor. 

7.2. Direct definition of the morphism C,. For any valuation v of K, the specialization 
map YJ'^ Y induces the co-specialization map 

(23) fy . J~i} y J~ 

for any etale sheaf on Y . Here and J-'^g denote the stalks of the sheaf T at the geometric 
points V ^ Y and vq ^ Y . The map (|23p is G^^^-equivariant and functorial in More 
precisely, denote by q^, : Gk„ — > the canonical projection and by ■ Gk^ Gk the 

morphism induced by the choice of the valuation v oi K lying over v. One has u*{J-) € 
Ob{B^^^J and G Ob{B^^^). Then 

fy : (CjiulT) — > ol{ul^T) 

is a map of Bq^ , where we denote a morphism of topological groups and the induced mor- 
phism of classifying topoi by the same symbol. Since the squares 



Gk^ — Gk(v) 



G 



Wk 



Gk 



are both commutative, we get a morphism of Bw^^ : 
We obtain an object 
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of the category 5^^^.^- This yields a functor 
Here the equivariant map of Gi^-^ -sets 

!v ■■ q^«-^) — > oUK^T) 

is induced by the usual co-specialization map between the stalks of the etale sheaf T. 
Proposition 7.5. The functor : Yf>t — > -Sw y ^"^ inverse image of a morphism of topoi 

Proof. Since the functors a* on* and a|^^ commute with finite projective limits and arbitrary 
inductive limits, so does the functor ("*, by Proposition 13.21 Since the functor ("* is left exact 
and has a right adjoint, it is the pull-back of a morphism of topoi (" : d^.y — ^ ^et- D 

7.3. Equivalence of the two definitions. Here we denote by 

z : {Ety; Jet) — > (^V;?; ; J^ls) 

the morphism of left exact sites defined in Proposition 17.11 We have a commutative square 

y e 

TiY-Y Ety 

where (* is defined in Proposition 17.51 y is defined in Proposition 15.41 and e : Ety — > Y^t 
is the Yoneda embedding. By IV Proposition 4.9.4), the morphism of topoi induced by 
the morphism of left exact sites z is isomorphic to the morphism of topoi ^ ■ S^^.y ^ ^et of 
Proposition 17.51 

Proposition 7.6. The morphism ^ : S^^.y — ?• Y^t is not connected (i.e. the inverse image 
functor (^* is not fully faithful). 

The second definition of the morphism ( : dy^.y ~^ ^et yields a description of its inverse 
image functor C*. This can be used to prove the proposition above (see [8] Corollary 4.67). 

7.4. The morphisms Cl,s- Let L/K be a finite Galois sub-extension of K/K. We denote 
by Eti^jj^^ the full sub-category of Ety consisting of etale y-schemes X such that the action 
of Gk on the finite set 

Xy^ = HomY{Spec{K)] X) 
factors through G^^/x = Gal{L/K). This category is endowed with the topology (again 
denoted by Jet) induced by the etale topology on Ety via the inclusion functor Et^/j^ — > Ety. 
This functor yields a morphism of left exact sites 

{EtL/K,Jet) > {Ety, Jet) 

and a morphism of topoi. These morphisms are compatible hence they induce a morphism 
from Yet to the projective limit topos l^im (Etx^/x, Jet), where the limit is taken over all the 
finite Galois sub-extensions of K/K. 
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Proposition 7.7. The canonical morphism 

Yet — > {Eti/K, Jet). 

is an equivalence. 

Proof. The morphism of let exact sites 

{EtL/KiJet) > {EtL^/K,Jet) 

is given by the inclusion functor, for K/L' /L/K. By ([5] VI 8.2.3), the direct limit site 

linj {EtL/K,Jet) := {lirr^{Et ^ j k) , J) 

is a site for the inverse limit topos l^m {Eti/x,Jet)- The direct limit category lir^ {Eti/x) 
(see [T] III. 3) is canonically equivalent to Ety- The topology J is the coarsest topology which 
makes all the functors 

{EtL/K,Jet) > {Ety, J) 

continuous. In other words, J is the coarsest topology on Ety such that any covering family 
of {Etiix^Jet) is a covering family of Ety, for all L/K. Hence J is just the etale topology, 
and (Ety, Jet) is a site for the inverse limit topos. □ 

Proposition 7.8. There is a morphism of topoi ^ : 5^^^^, g — > {Et^ij^^^Jet)- Moreover, the 
diagram 

'^L'/K,S' ^ {Eti, ij^.Jet) 



Vl/k,s ^ {Et^jK, Jet) 

is commutative, for L' /L/K and S <Z S' . 
Proof. The functor 

induced by Q* : Ety — > ^lyy yields a morphism of left exact sites, hence the first claim of 
the proposition follows from Theorem 15.91 The diagram of the proposition is commutative 
since the corresponding diagram of sites is commutative. □ 

Proposition 7.9. Let V he a connected etale Y -scheme lying in the category Et^^j^ (i.e. 
Gl/k '^cis transitively on Vv^)- One has an equivalence 

where K(y) is the function field ofV and S is the set of places of K{V) lying over S. 
Proof. The choice of a point of Vy^ defines an isomorphism of VF/^/^ g-sets 

~ GL/GKiV) = L I K,sl^ Lima's 

We get an isomorphism 

^vyL/x,s/?/(^i//^,5,Ko) ^ -Siy^/^(v),s- 
The same result is valid for any closed point of V and the proposition follows. □ 
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8. The spectral sequence relating Weil-etale cohomology to etale 

cohomology 

8.1. Strongly compact topoi. 

Definition 8.1. A topos T is said to be strongly compact if the functors H^''{T, — ) commute 
with filtered colimits of ahelian sheaves. 

Let (Ti, fji)i^i be a filtered projective system of topoi, where the maps fji : Tj T are 
the transition maps. We denote by T^o ■= IJ/mTi the limit topos computed in the 2-category 
of topoi. We have canonical morphisms /j : T^ Ti. Suppose given an abelian object Ai of 
Tj for any i G I, and a family of morphism aij : fjiAi Aj such that the following condition 
holds : 

aik = Oijk o fkjiaij) : f^iAi = fkjfji^i — > fljAj — > Ak- 

In what follows, the data {Ai, aij) is said to be a compatible system of abelian sheaves on the 
projective system of topoi (Tj, /jj)jg7. 

The morphisms f*{aij) yield a filtered inductive system of abelian objects {f*Ai)i(zi in Too, 
and we set 

yloo := lirrjfjAi. 

Lemma 8.2. // the topos Ti are all strongly compact, then the canonical morphism 

lirr^H''(T,,Ai) ^ H^'iT^^A^) 
is an isomorphism, for any integer n. 

Proof. By ([5j VI CoroUaire 8.7.7) the topos Too is strongly compact as well, and one has 

//"(Too, Aoo) = lin^H^{T^,f*Ai) = lirr^^^^ {lin^^^^H^{Tj, f*^Ai)). 
We check easily that the canonical map 

lin^^^, ilin^^_^^H^{TjJ*iAi)) lin^^^^ H^{Ti,Ai) 
is an isomorphism. The result then follows from the fact that the natural map 

liU^.^i {lirr^,^,H^{Tj,f*,A,)) H^{T^,A^) 
factors through lirr^ ,^, H^{Ti, Ai). □ 

Consider now the more general case where the sheaves Ai are replaced by bounded below 
complexes of abelian sheaves C* . Denote by H'^[Ti,C*) the hypercohomology of the complex 
of sheaves C* . We suppose given a compatible family of morphisms of (bounded below) 
complexes aij : /*jC* — > C* for each transition map fji : Tj Ti, and we define 

C*^ := lin^ftC*. 

Lemma 8.3. // the topos Ti are all strongly compact, then the canonical morphism 

lirr^H^{Ti,C*) ^ H^{T^,C*^) 
is an isomorphism for any integer n. 
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Proof. We denote by H^{C*) (respectively H^{C^)) the cohomology sheaf of the complex 
C* (respectively C^) in degree q. The inverse image functor /* is exact hence we have 
H'i{f*C*) = f*H'i{C*). By exactness of filtered inductive hmits, we obtain 

m{C*^) = lirr^H^ftai) = lirr^ftH^Ci), 

for any g' > 0. For any i I, we have a convergent spectral sequence 

HP{T,,H''{C:)) ^ HP+''{T,,C:). 

The compatible morphisms of complexes aij : fjjC* — )• C* induce compatible morphisms of 
spectral sequences, hence we have an inductive system of spectral sequences. We obtain a 
morphism of spectral sequences from 

lirr^HP{Ti,H'^{C*)) =^ lirr^HP+^Ti^C*) 

to 

By the previous lemma, this morphism is an isomorphism at the £'2-term. It therefore induces 
isomorphisms on the abutments. The result follows. □ 

Let Y be the set of valuations of the number field K, and let {C1,au) be a compatible 
system of bounded below complexes of abelian sheaves on the sites {Eti/j^jJet)^ (i.e. a 
bounded below complex of abelian objects in the total topos T op {Et i j ^ ^ -Jet) i) ■ We denote 
by the complex of sheaves on Y^t — l^im{Etx^/x, Jet) defined as above. 
Corollary 8.4. We have an isomorphism 

lm^H^{EtL/K,Cl) H^{Y,t,C*^) 
where L runs over the finite Galois sub-extensions of K/K. 

Proof. The topoi [Etj^jj^., Jet) are all coherent hence strongly compact (see [5] VI Cor. 5.2). 
Thus the result follows from the previous lemma. □ 

8.2. The spectral sequence. 

Theorem 8.5. Let A = {Ai.Sift) be an abelian object of Top{'^,). There exists a bounded 
below complex RA of abelian sheaves on Yet ctn-d an isomorphism 

H*{Yet,RA)^i^*{^,^,.„A), 

where the left hand side is the etale hypercohomology of the complex RA. In particular, one 
has a spectral sequence relating Lichtenbaum's Weil-etale cohomology to etale cohomology 

HP{YeuR^A)^H^P+\^„,^^,A), 

where R'^A is the cohomology sheaf of the complex RA in degree q. The complex RA is well 
defined up to quasi-isomorphism and functorial in A. 

Proof. Since Top{^,) is a topos, the abelian category Ab{Top {^,)) has enough injectives. 
We choose an injective resolution 

O^A^I^^ll^ ... 
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of the abelian objet A = (Ai^s^ft)- By Proposition 14.31 this resolution provides us with an 
injective resolution 

^ Al,s ^ lis ^ lis ^ - 
of the abelian sheaf Al,s on Sl.S'j for any pair (L, S), and with a morphism of complexes 

for any transition map t. These morphisms of complexes are compatible in the usual way. 
For any map (L',S') — >• {L,S) in I/k, the following diagram commutes 

^ CiAs' 



^ {EtLlK-,Jet) 

In particular, we have o ^l'^s',* ~ Cl,s,* ° t*- By adjunction, we obtain a natural (Beck- 
Chevalley) transformation 

This transformation induces a morphism of complexes 

(24) u*Cl,s,*Il,s — ^ Cl' ,s' Il,s — ^ Cl',s',*Il',S'^ 
where the last arrow is given by the morphism t*I^ g — > /£/ g,. 

For any fixed Galois extension L/K, we have in particular a filtered inductive system of 

complexes of sheaves {Cl,s,*Il s)s hi the topos {EtijK,Jet) ■ We set 

II := lin^s Cl,s,J*l,s- 

For any transition map u, (l24l) induces a morphism of complexes u*I^ 12,, since u* com- 
mutes with inductive limits. In other words, (/2)l defines a compatible system of complexes 
of sheaves on the sites {Etx^/x)L- 

By definition, the coliomology of the complex Cl,s,*Il s degree n is the sheai R'^{(^l^s,*)'^l,S 

of the topos {Et^/j^, Jet)- By exactness of filtered inductive limits, the cohomology of the com- 
plex 12 := liinq^g Cl,s,*Il s ™ degree n is the sheaf linj ^ R^{Cl,s,*)'^l,s- We denote this sheaf 

by aP- Then we have 

(25) H^ill) = lirr^, H^iCL,s,Jls) = l^U^s R'\Cl,sMl,s =: 4"^- 

Since the inverse image functor of the morphism ul : Y^t — >■ {Etj^^j^, Jet) is exact, the 
cohomology of the complex u*^{I^) is given by the sheaves 

H-iul{Il)) = ulH-{Il) = ulA^;:\ 
Passing to the limit over L/K, we define the complex 

RA := Ij^L/K uWl)- 
The cohomology sheaf of this complex in degree n is given by : 

(26) := H'\RA) = lirr^,^, H^{ulll) = lin^^^^ ulH^{Ii) = lin^^^^ ulA^\ 
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Consider now a fixed Galois extension L/K. For any S, the Leray spectral sequence asso- 
ciated to the composition 

^L/K,S ^ {EtL/K,Jet) >Set. 

yields an isomorphism 

where the first term is the hypercohomology of the complex Cl,s,*Il s ^^^^ ^'^l/k- 

The complexes {Cl,S,*Il s)s form an inductive system whose colimit is /£, when S runs over 
the finite sets of valuations of K containing the archimedean ones and those which ramify in 
L. Passing to the limit over S, we obtain an isomorphism 

(27) H^{EtL/K,Il) ^ lnr^sH''{EtL/K,CL,s,Jls) ^ %^s^"(^?VK,s'^i,5). 

Here, the first isomorphism follows from Lemma [8.3l (taking Tj to be constantly [Et^jx, Jet))- 
We have shown above that the family of complexes II forms a compatible system, when 
L/K runs over the set of finite Galois sub-extensions of K /K. Passing to the limit over L/K, 
we obtain 

(28) H^{Y,t,RA) = H^iZtJirr^^ulilD) ~ lin^^H^{EtL/K,Il). 
by Corolarrv 18.41 Therefore, isomorphisms (|27p and (j28p yield 

H'^iZuRA) ~ lin^^H^{EtL/K,Il) ^ lilI^JilI^sH'\dr,;j,^s^-^L,s) - ^"(^^/^,s, ^), 
for any n > 0. 

Let us show now that the complex of etale sheaves RA is well defined up to quasi-isomorphism. 
This complex has been defined by an injective resolution /, of A in 5^,. Let /* and J* be 
two injective resolutions of A. Denote by RA{I,) and i?^( J,) the etale complexes defined as 
above. There is a morphism 

q. : /: j: 

of complexes of abelian objects in well defined up to homotopy. For any pair {L,S), we 
have in particular a morphism 

QL,s ■ Il,s — ^ Jl,s 

over Id_A^ g. Applying Cl,5,*i the morphism qi^s induces a quasi-isomorphism 

Cl,s,Jl,s — ^ Cl,s,*Jl,s^ 

since 

R'{Cl,s,*)Al,s ■■= H^a,s,Jls) ^ H'^iCL,s,*Jls)- 
If L/K is fixed, the morphisms q^^s induce a morphism of complexes 

QL ■■ II '■= ijn^s Cl,s,Jl,s — > Jl '■= ^in^s Cl,s,*Jl,s 

which is a quasi-isomorphism by (|25l) . Passing to the limit over L/K, the morphisms ql induce 
a morphism 

RAil.) := lirr^^^j, ul{Il) lur^^^^ n2(J£) =: RA{J.) 
This is a quasi-isomorphism by ()26p . hence RA is well defined up to quasi-isomorphism. 

□ 
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Let A = {■AL,s^ft) be an abelian object of Top{^,) and let U be an etale y-scheme. If 
L/K \s big enough so that the Gi^-action on the finite set L^^q factors through G{L/K), then 
U defines an object C*{U) of di^^j^ g- We consider the cohomology groups 

of the shce topos d^/i^ s/ C*{U)- ^'^^ stale y-scheme U, the direct limit 

Il*{S,/^^s^U,A) := lirr^,^sH*{d,,^,s^U,AL,s) 

is well defined. It follows from Proposition 17.91 that the computation of these cohomology 
groups can be reduced to the case of an open sub-scheme U oiY, as defined in Notation 14.121 
Therefore, one can apply Proposition 14.141 and Proposition 14.151 to obtain explicit computa- 
tions. 

Proposition 8.6. The sheaf WA is the sheaf associated to the presheaf 

V^A: Ety ^ Ab _ 

Proof. The sheaf R'^{C,l,s,*)-A.l,s is the sheaf associated to the presheaf 

Vis- EtL/K M 

U ^ Hi{:s,,,,s^U,Al,s) ■ 

It follows that the sheaf 

4'^ :=lirr^, R''iCL,s,*)AL,S 
is the sheaf associated to the presheaf 

rl := lirr^sVl s ■ Eti/K — > At 

U ^ lirr^,H'Jid^/j,^s^U,AL,s) ' 

Indeed, the associated sheaf functor commutes with inductive limit, since it is the inverse 
image of a morphism of topoi. The morphism of left exact sites 

induces the following commutative diagram of topoi: 

{a,i) 

{EtY,Jet) ^Ety 

{Et L/K, Jet) ^EtL/K 

where Ety (respectively Et^/K) denotes the category of presheaves on Ety (respectively on 
Eti/x)- To check the commutativity of this diagram, we observe the direct images of these 
morphisms, for which the commutativity is obvious. Therefore we have 

a o ~ li^ o a/, , 

where a and ai are the associated sheaf functors. We obtain 

ulAf :=uloaL{Vl)=aoulirl), 
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and finally 

where the last identification comes from the fact that a commutes with inductive limits. In 
other words, R'^A is the etale sheaf on Y associated to the presheaf linj^ u^j- lVf). This presheaf 

can be made explicit as follows. For any connected etale y-scheme V, one has 

where the second limit is taken over the category of arrows V ^ U, for U running through 
the class of objects of EtL/x- The first identification can be justified by saying that the limits 
of presheaves are computed component-wise (i.e. "arguments par arguments"). 
If L/K is big enough so that V is an object of Etx^/K: then one has 

since Idy is then the initial object of the category of arrows V ^ U, for U in Et^/j^. We 
obtain the following identifications 

Therefore, W^A is the etale sheaf on Y associated to the presheaf 
V^A: Ety ^ _ ^ 

□ 

We consider below the sheaves Z and M of the total topos Top (5^,) defined in Example 14. 2 1 
and the sheaves and defined in section 14.31 Finally, we consider the etale sheaves 
(/JiZ and (/7|M defined via the open inclusion (p : Y^t Yet, where M denotes here the constant 
sheaf on Y^t associated to the discrete abelian group M. We assume below that K is totally 
imaginary. 

Corollary 8.7. One has the following results : 

(1) i?°(Z) = Z and R"{Z) = for 1 odd. 

(2) Ri{R) = R for q = 0,1 and =0 forq>2. 

(3) R°{(j)\Z) = ip,Z and R'^icpiZ) = R^Z for q>l. 

(4) Ri{(f>^M) = <^!K for q = 0,l and R'^{(f)^M) = forq>2. 

Proof. Using Proposition 18.61 (and Proposition 17. 9p . this follows from propositions 14.1^ and 
14.15^ and equations ^ and ([9]). 

□ 

9. Etale complexes for the Weil-etale cohomology 

In this section, we assume that the number field K is totally imaginary. In order to obtain 
the relevant Weil-etale cohomology (i.e. the vanshing of the cohomology in degrees i > 4), 
we need to truncate the complex RZ. However, a non-trivial preliminary condition has to be 
satisfied. Namely the sheaf i?^Z, which fills the gap between Weil-etale and etale cohomology, 
should be acyclic for the global sections functor on Y. We study below this sheaf and we show 
that it has the right cohomology using an indirect argument. Then we define complexes of 
etale sheaves computing the conjectural Weil-etale cohomology. 



ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 



43 



9.1. Cohomology of the sheaf i?^Z. By Proposition 14.141 and Proposition 18. 6|. the etale 
sheaf is the sheaf associated to the presheaf 

P^z : Ety — > Ab 

The compact group is the kernel of the map Cy — t- M, where Cy is defined in 14.131 Recah 
that if V is connected of function field K(y), then Cy is the S'-idele class group of K{V), 
where S is the set of places of K{V) not corresponding to a point of V. Note that such a finite 
set S does not necessarily contain all the archimedean places. The restrictions maps of the 
presheaf "P^Z are induced by the canonical maps Cjj — > Cy (well defined for any etale map 
U ^ V of connected etale y-schemes). By unramified class field theory, one has a covariantly 
functorial exact sequence of compact topological groups 

O^D^y^C^^ nfiV) 

where TTf^{V) is the abelian etale fundamental group of V and is the connected component 
of 1 in C^. Here TTf^{V) is defined as the abelianization of the profinite fundamental group of 
the Artin-Verdier etale topos Yet/y — Vet- If we denote the function field of V by K{V) then 
this group is just the Galois group of the maximal abelian extension of K{V) unramified at 
every place of K(y) corresponding to a point of V. 

By Pontryagin duality, we obtain a (contravariantly) functorial exact sequence of discrete 
abelian groups 

(29) ^ TrfiVf ^ {C^f ^ {D^yf ^ 0, 

i.e. an exact sequence of abelian etale presheaves on Y. On the one hand, the sheaf associated 
to the presheaf 

Ety — > Ab 
V ^ TitiVf' = H^Vet,^) 

vanishes and the associated sheaf functor is exact on the other. Therefore, the exact sequence 
()29p shows that is the sheaf associated to the presheaf 

P : Ety — > Ab 

The connected component of the S-idele class group is not known in general, as pointed 
out to me by Alexander Schmidt. The computation of the sheaf i?^Z is a delicate problem. 
We shall compute the cohomology of i?^Z using an indirect argument. 

Lemma 9.1. The canonical morphism 

^4(j^/,,_^,z) H\Yet,R'''L) := R^ny) 

is an isomorphism. 

Proof. The canonical morphism ^^(5^^^^g,Z) — )• H^{Yf,t, R'^'^) is induced by the morphism 
of presheaves P^Z — )• R'^X (see Proposition 18. 6p . Let 

J : Bwk — > — > Yet 
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be the morphism induced by the continuous morphism Wk Gk and by the inclusion of 
the generic point of Y . For any n > 0, the etale sheaf R"'{J^,)'L is the sheaf associated to the 
presheaf 

P"(J,)Z: Ety — > Ah 

where U is assumed to be connected. Here Tyx(C/) is the Weil group of the number field K{U). 
For any finite extension K' /K, one has a surjective map (see P] Proof of Corollary 9) 

veY' v€Y' veY' 



(30) 



i/^(S\Z) = "Y Z, 



where is the set of archimedean primes of K' . We denote by 

u : ]J^Set — > Yet 



Y. Then (|30]) induces a surjective 



the closed embedding of topoi given by the map Yoo 
morphism of presheaves 

We obtain the following exact sequence of presheaves 

O^V'^Z^ V^{J^)Z u^Z 0, 

as it follows from Proposition 18.61 and Proposition 14.14] The associated sheaf functor is exact, 
hence we have an exact sequence of sheaves 







R^Z 



R\J^)Z 



0, 



since u^Z was already a sheaf. We get a long exact sequence 



— > i?^Z(y) — > i?^(J,)Z(y) 



Y^ 



Moreover, there is a morphism of exact sequences 











L/K,S ' ' 



R'^Z{Y) 



H\Wk,Z) 



R\J^)Z(Y) 



Id 



where the vertical maps are the natural ones. Lemma [9.31 shows that i is an isomorphism, and 
the result follows. □ 

We denote by Wj^ the maximal compact sub-group of the Weil group Wk- There is a 
canonical isomorphism of topological groups Wk 



i. We denote by B 



and 



the topoi obtained by replacing the category of topological spaces Top with the category 

Top^'^ of locally compact topological spaces with countable basis. In the following two lemmas, 
we consider the composite morphism 



a : By/j^ — > B^^ 



Tjlc 



where a'*^ is the morphism of classifying topoi induced by the projection Wk 
Lemma 9.2. For any n > I, one has R^{a^,)Z = 0. 
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Proof. By U Prop. 9.1, the direct image /i* of the morphism -BvKa- ^Wk 6xact. The 
Leray spectral sequence associated to the composite morphism a gives 

It is therefore enough to show that R"iai'')Z = for any n > 1. We consider the puU-back 

5r r'^ 



/ 



where the vertical arrows are the localization morphisms (one has for example -B^i / — 
r'^). This pull-back square induces an isomorphism 

rfl"(al^)c^i?"(eM*)r. 

One the other hand, the object of T''^ 

ii"(eM.)/*Z = i?"(eM*)Z 

is represented by the discrete abelian group (see m Prop. 9.2). This group IS 

trivial for any n > 1, and we obtain /*i?"(al^)Z = 0. But I* is faithful hence i?"(al^)Z = for 
any n > 1. The result follows. □ 

Lemma 9.3. The canonical map 

h^{Wk,z) i?^(J*)z(y). 

is an isomorphism. 

Proof. We decompose the morphism J : i^vK^ ~^ ^et as follows: 

The Leray spectral sequence associated to this composite map and the previous Lemma show 
that the natural morphism of etale sheaves 

i?"(/3,)Z = i2"(/3,)(a,Z) i?"(J,)Z 

is an isomorphism. It is therefore enough to show that the natural map 

(31) H^Wk,!^) ^ H\wk,^) R\f3,)Z{Y) 

is an isomorphism (where H^{Wk,'Z) — H^{W}^,'L) follows from Lemma l9.2p . To this aim, 
we decompose the morphism /3 as follows: 

/3=jop:i?(^^^i?^- ^Fei. 
This provides us with the leray spectral sequence 

We denote by the Gi^-module R^p^)Z. By [4j equation (21) and [3] Lemma 11, one has 

= for j odd. 

For any Gii--module M, the etale sheaf i2*(j*)M is the sheaf associated to the presheaf 
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It is well known that a totally imaginary number field is of strict coliomological dimension 
2. Hence we have i?*(j*)M = for i > 3. The proof of ([4] Lemma 12 (b)) shows that 
H'^{Gx{u)i^'^) — fo'^ ^ ^ 1- Hence the group 

R\U)oW{p^)'L = R'{;:^^)M^ 

is trivial for i > 3, or if the index j is odd, or for [j = 2,i > 1). The initial term of the 
spectral sequence 

R'{i^)M^ := R\U) ° RHp*)^ =^ R'^HP*)^ 
therefore looks as follows: 



j,M4 i?ij,M4 i?2j,M4 



j*M2 



R^UM° R^UM° 

This yields a natural isomorphism 

i^4(/3,)Z~j,M^ 
and we obtain the following identifications 

(32) R\p,)'L{Y)c^UM\Y) = H\Gk,M^) ~ H\W}„'L). 

Indeed, the last isomorphism in ([32|) is given by the spectral sequence 

H\Gk,M^) =^ H'+^{Wk,^) 

which is made explicit in ([4J Lemma 12). Note that the isomorphisms in (l32l) are given by 
the natural maps 

Hence (j3ip is an isomorphism and the result follows. □ 



Recall that := i7o?nc(A, M/Z) denotes the Pontryagin dual of a locally compact abelian 
group A. If ^ is a discrete abelian group, we set := Hom{A, 



Theorem 9.4. The etale sheaf i?^Z is acyclic for the global section functor Fy. In other 
words, one has {Yet , -R^Z) = for any n > 1. 

Proof. By Corollarv 18.71 (1), the initial term of the spectral sequence 
(33) HP{Y, ii^Z) =^ I^^^'idL/K^s, 
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looks as follows: 





H°{Y,R'^Z) H^{Y,R'^Z) H^{Y,R*Z) H^{Y,R*Z) 



H°{Y,R^Z) H\Y,R^Z) H^{Y,R^Z) H^{Y,R^Z) 



Z Pic{Y)^ 



We obtain the exact sequence 

(34) ^ Pic{Y f Pic^{Yf H^{Yet,R^^) ^ Uj^ ^ fi^ ^ H^{Yet,R^^) ^ 0. 

The group H^(Yet,R^Z) is trivial since the canonical map Uj^ — >■ is surjective. Then, this 
spectral sequence gives the exact sequence 







^ H\YeuR^Z) ^ I^\dL/K,s,^) ^ H\YeuR^Z) ^ H^YeuR^'L) ^ H^H^l/k,. 

where the central map is an isomorphism by Lemma [9. 11 We get 

H^{Yeu R^'L) = H\Yeu R^'L) = 0. 

Finally, the group H^{Yet, R'^'^) is trivial for any n > 4 since the etale site of Y is of strict 
cohomological dimension 3 (see |3]). □ 

In order to compute the group H^iYet^R?'^), one needs to study the sheaf i?^Z in more 
detail. There is a canonical map 

Pic^(y)^ Hom{UK:'^) Hom{UK,Q). 
One can show that the morphism 

Pic\Yf ^ 42(5l/a',5,Z) H'>{Yet,R'l^) 
factors through an injective map 

(35) c : Hom{UK,Q) H\Y,t, R^Z). 

Then one can show that this gives a morphism of exact sequences 

^Pic{Y)^ ^Pici(y)^ ^Hom{UK,^ 

Id 







Pic{Y) 



D 



lf{dL/K,S,^) 



R'^Z{Y) 



where the bottom row is the exact sequence given by the spectral sequence (|33p . It follows 
that (I35p is an isomorphism. But this fact will not be used in the remaining part of this paper. 
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9.2. The complexes. 

Theorem 9.5. There exists a complex R^Z of etales sheaves on Y^t, well defined up to 
quasi'ismorphism, whose hypercohomology is the expected Weil-etale cohomology : 

H'^{%uRw'^) = Zforn = 0, 
= for n = 1, 
= Pic\Y)^ forn = 2, 

= IJ'K for n = 3, 
= for n > 4. 

Proof. Consider the complex RZ. The truncated complex 

RwTj = r<2i?Z, 

is also well defined up to quasi-isomorphism. One has //"(r<2-RZ) = H^{R'L) for n < 2, and 
i?"(r<2-RZ) = for n > 3. By Corollary 18.71 and Theorem 19.41 the £^^-term of the spectral 
sequence 

therefore looks like : 





H°{Yet,R'^Z) 





Pic{Y)^ 



We obtain immediately H^(Yet, Rw'^) = ^ ^^nd H^{Yf>t, Rw'^) = 0. Next the spectral se- 
quence yields the exact sequence 
(36) 

^ Pic{Y)° H^{Yet,Rw^) H^iYet^R^I^) Hom{UK,Q/^) ^ H^{Yet,Rw^) ^ 0. 

Note that it is already clear that Ryylj has the expected hypercohomology. The morphism of 
complexes R^Z — t- RTj induces a morphism of spectral sequences from 

HPiYet,HiiRwZ)) =^ RP+^iZuRw^) 

to 

which in turn induces a morphism of exact sequences from (j36|l to (j34|) . We obtain 

H^{Yet,Rw^) ~ :5"(i?VK,s.^) for n = 2,3. 

The result for n = 2, 3 then follows from Theorem 14.101 Finally, the groups H^{Yet, Rw'^) 
vanish for n > 4, since the diagonals {p + q = n, n > 4} oi this spectral sequence are 
trivial. □ 
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Theorem 9.6. There exists a complex R\^{(j)\'Ij) of etales sheaves on Y^.^, well defined up to 
quasi-ismorphism, whose hypercohomology is the expected Weil-etale cohomology with compact 
support : 

H''{Yet;Rw{<i>m = 0/orn = 0, 

= (nZ)/Z/orn=l, 

= Pic^{Y)^ forn = 2, 

= l^K for n = 3, 
= for n > 4. 

Proof. The morphism (f)\7j — )• Z in Top (5^,) induces a morphism of etale complexes R4>\1j — > 
RIj. We obtain a morphism of truncated complexes 

inducing a morphism of spectral sequences. Using Corollary I8.7r 3). we obtain 

H^{Yet;Rw{^i^)) = H^{Yet;Rwm 

for n > 2. Finally, the spectral sequence 

HP{Yet]H'^{Rw<P\^)) =^ HP+\YeuRwi'P\^)) 
yields H'^iYeu Rw{4>\'^)) = H'^iYeu for n = 0, 1. The result follows from ([21]). □ 

Theorem 9.7. The hypercohomology of the complex of etale sheaves R{(I)\M) is given by 

H''{Yet]R{4>m = Oforn = 0, 

= (Y[R)/R for n = 1,2 

= for n > 3. 

Proof. The spectral sequence 

HP{Yet;R''ict>m =^ HP+'^iYet;R{(pm 

degenerates and yields 

H''{Yet;R{(P,R)) = H\YeuR''-\4>m = H\Yet,^m for n = 1,2 

and H'^{Yet,R{(l)M)) = for n / 1,2 (see Corollary [821^4)). Hence the result follows from 
(121. □ 
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